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Abstract
Randomly Perturbed Berezin—Toeplitz Operators
by
Izak Oltman
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor Maciej Zworski, Chair

Berezin—Toeplitz operators are quantizations of functions on Kahler manifolds equipped
with a positive line bundle L. When the Kahler manifold M is compact, the quantization
procedure associates every smooth function f € C*°(M) to a family of matrices Ty f indexed
by N € N, whose size goes to infinity as N — oo (corresponding to the semiclassical limit
h — 0). Each matrix Ty f acts on the finite-dimensional space of holomorphic sections of
the Nth tensor power of L.

In this thesis we study the spectrum of T f + d%,(N) where § = 6(N) > 0 and ¥4,(V) is a
family of random matrices. Under certain conditions, the spectrum satisfies a probabilistic
Weyl law involving f and the volume form on the Kéhler manifold. Specifically, as N — oo,
the (normalized) empirical spectral distribution of T f + 69,(IN) converges weakly almost
surely to the (normalized) push-forward by f of the Liouville volume form on M. This
generalizes a result of Martin Vogel [Vog20], which considered the case of torii.

Proving this result requires extending the usual calculus of Berezin—Toeplitz operators to
an exotic class of functions. The exotic nature of these functions (classical observables)
refers to the property that their derivatives are allowed to grow in ways controlled by local
geometry and the power of the line bundle. The properties of this quantization are obtained
via careful analysis of the kernels of the operators using Melin and Sjostrand’s method of
complex stationary phase. For this more exotic class of functions, we obtain a functional
calculus result, a trace formula, and a parametrix construction.
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Chapter 1

Introduction and statement of results

This thesis generalizes a theorem of Martin Vogel in [Vog20] which proved a probabilistic
Weyl law for quantizations of functions on tori. Here we do the same but with the tori
replaced by arbitrary compact Kahler manifolds equipped with positive line bundles.

In [Vog20], Vogel considered Toeplitz quantizations of smooth functions on a real 2d-
dimensional torus, which associates every smooth function f on the torus to a family of
N x N4 matrices, Ty f, for all N € N (here N~! is the semi-classical parameter). Vogel
proved that if a random matrix with sufficiently small norm is added to T f, then the
spectrum obeys an almost-sure Weyl law as N goes to infinity. This was conjectured by
Christiansen and Zworski in [CZ10] and is a major extension of their work.

This result is most striking when the unperturbed matrix is non-self-adjoint. For example,
if f(z) = cos(2mz) 4 i cos(27wE), then the quantization is

cos(2m/N) i/2 0 0 i/2
i/2 cos(4m/N) i/2 0 0
Tnf = () 2/2 cos(?w/N) z/2 0 |
0 .. 0 /2 cos2N —)r/N) i/
i/2 0 0 i/2 cos(2m)

which numerically has spectrum contained on two crossing lines in the complex plane. This
operator is aptly named the Scottish flag operator and is further described by Embree and
Trefethen in [ET05]. Interestingly, despite numerical evidence, there is no proof that the
spectrum of Ty f is contained on these crossing lines for general N. However, this is being
addressed in ongoing work by the author with Frédéric Klopp and Shengtong Zhang [[KOZon].
If randomly perturbed, the spectrum spreads out with density given by the push-forward
of the Lebesgue measure on the torus by f. Figure 1.1 plots the spectrum of Ty f with no
perturbation and with a small perturbation. We can observe this same effect numerically
occurring when computing the spectrum of Ty f for large values of N, suggesting that round-
ing errors in mathematical software behave like small random perturbations. For N < 100,
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numerically computed eigenvalues appear to lie on two crossed lines. For N > 100, the nu-
merically computed spectrum spreads out. For even N < 12, the eigenvalues can analytically
be shown to lie on the two crossed lines using Mathematica.
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Figure 1.1: Left: Numerically computed eigenvalues of the Scottish flag operator with N =
50. Right: Numerically computed eigenvalues of the Scottish flag operator with a small
random perturbation with N = 1000.

The spectral properties of randomly perturbed non-self-adjoint operators were pioneered
by Mildred Hager in [Hag06], in which the operator hD, +g(z): H'(T') — L*(T"') was stud-
ied. This result, and numerous subsequent results, were presented by Sjostrand in [Sjo19].
There are related results describing spectral properties of randomly perturbed Toeplitz ma-
trices, which can be defined as quantizations of symbols on T? with symbol independent of
x. See Davies and Hager [DH09], Guionnet, Wood and Zeitouni [GWZ14], Sjéstrand and
Vogel [SV21a; SV21b], and references given there.

The work in this thesis is a natural generalization of Vogel’s result in [Vog20]. We
prove a similar result for quantizations of functions on Kéhler manifolds (with sufficient
structure, as discussed in Chapter 2). These quantizations, called Berezin—Toeplitz operators
(or just Toeplitz operators) were first described by Berezin in [Ber75] as a particular type
of quantization of symplectic manifolds. Following [Ber75], for every smooth function f on
a quantizable Kahler manifold X, we get a family of finite rank operators, Ty f, indexed by
N € N (see [Roul7] for a connection between these quantizations, and quantizations on the
torus) which have physical interpretations. Deleporte in [Dell9, Appendix A] related this
quantization to spin systems in the large spin limit, and Douglas and Klevtsov in [DK10]
used path integrals for particles in a magnetic field to describe the Bergman kernel (a key
ingredient in constructing Ty f).

Next, if we add a small Gaussian-type random perturbation ¥,,(N) to these operators
(see Definition 4.1.3), their empirical spectral measures weakly converge almost surely (see
Theorem 4.1.4 in §4.1 for a precise statement). Theorem 4.1.5 states a result about more gen-



CHAPTER 1. INTRODUCTION AND STATEMENT OF RESULTS 3

eral random perturbations #,(IN) (see Definition 4.1.3) but with a more restrictive coupling
constant. A consequence of Theorem 4.1.4 is the following probabilistic Weyl law.

Theorem 1.0.1 (A probabilistic Weyl law). Suppose we have a quantizable Kihler manifold
X, a function f € C°(X;C) such that there exists k € (0,1], 6 > 0 so that

pa({z € X : |f(z) — 2|* < t}) = Ot") (1.0.1)

fort < 0 uniformly for z € C (where pq is the Liouville volume form on X ), 9,,(N) a family
of N x N Gaussian-type random matriz (see Definition /.1.3), and an open set A C C. Then
for any p > d/2, almost surely

d
(zﬁﬂ) # {Spec(Tnf + NP4, (N)) N A} Moo, ua(x € X @ f(x) e A).  (1.0.2)

Here #A denotes the number of elements in a set A. It was observed in [CZ10] that if
f is real analytic, then (1.0.1) holds. See [CZ10], and references presented there, for further
discussion of (1.0.1).

Finer results are expected for describing the spectrum of randomly perturbed Toeplitz
operators. In [Vog20], precise statements about the number of eigenvalues were obtained
using counting functions of holomorphic functions. Here we only show weak convergence
of the empirical measures, but achieve this in a relatively simple way using logarithmic
potentials as presented in [SV21c].

Here we present numerical examples to motivate the main result of this thesis. Consider
the Kihler manifold CP! (complex projective space of dimension 1) which can be identified
with the real 2-sphere with coordinates (z1,zs,x3) (see Example 2.2.1 and Appendix B
for details of the quantization procedure in this specific case). In Figure 1.2, we compute
the spectrum of the quantization of the function f(z1,2s,z3) = x1 + 223 + izy. Before
perturbation, the spectrum lies on several lines in the complex plane, somewhat analogous
to the Scottish flag operator. However, as a perturbation is added, the spectrum spreads
out. This thesis describes the structure of the spectrum of this perturbed operator in the
semiclassical limit, as N — oo. A rotated version of the spectrum of a perturbation of
Tn(x1 + 222 + iz9) with N = 10,000 is displayed on the dedication page of this thesis.

Numerical verification of this thesis’ result can be seen if f = ix; + xo (still on CP!).
Figure 1.3 displays the spectrum of Ty f with a random perturbation added, and plots the
number of eigenvalues in circles of increasing radii versus the predicted number of such
eigenvalues by (1.0.2). More numerics are presented in Appendix B.3 and animations can
be found on the author’s website!.

To put these results in context, we recall that Berezin introduced the concept of Toeplitz
operators in [Ber75] to quantize smooth functions (classical observables) on smooth com-
pact symplectic manifolds (classical phase spaces). This generalizes a more straightforward

https://math.berkeley.edu/~izak/research/toeplitz/movies.html or YouTube (https://www.
youtube. com/watch?v=tBvpozWA3bY&1list=PL1WY1dHxyEOc31ihYy1lV7Mcx0GevGGduis&pp=gAQBiAQB)


https://math.berkeley.edu/~izak/research/toeplitz/movies.html
https://math.berkeley.edu/~izak/research/toeplitz/movies.html
https://www.youtube.com/watch?v=tBvpozWA3bY&list=PLlWY1dHxyE0c3ihYylV7Mcx0GevGGduis&pp=gAQBiAQB
https://www.youtube.com/watch?v=tBvpozWA3bY&list=PLlWY1dHxyE0c3ihYylV7Mcx0GevGGduis&pp=gAQBiAQB
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imaginary part

Figure 1.2: Left: Numerically computed eigenvalues of the Toeplitz operator on CP! iden-
tified with the real 2-sphere with symbol x; + 22% + izy and N = 50. Right: Numerically
computed eigenvalues of the same operator plus a small random perturbation and N = 1000.

hmaginary part

Figure 1.3: Left: Numerically computed eigenvalues of the randomly perturbed Toeplitz
operator on CP! identified with the real 2-sphere with symbol iz, + x5 and N = 2000.
Right: The number of eigenvalues within circles in the complex plane centered at zero with
radii ranging from 0 to 1, plotted against the predicted distribution of eigenvalues from

(1.0.2).

quantization of functions on T?? := (R/277Z)* x (R/277Z)?*?. When d = 1, we can think of
the coordinate on the first circle, € T, as the position variable, and the coordinate on the

i Eigenvalues of Unperturbed Operator

0.5

0 1 2 3

real part

Eigenvalues of Perturbed Operator

real part

imaginary part

2000

1500

1000

500

Eigenvalues of Perturbed Operator

;

real part

Number of Eigenvalues in
Circles of Increasing Radii

« actual

predicted

0 0.2

0.4 0.6
radius of circle

0.8




CHAPTER 1. INTRODUCTION AND STATEMENT OF RESULTS 5

second circle, £ € T, as the momentum variable. Functions F = F(x) and G = G(§) are
quantized as

Opy (F) = diag (F(27/N)Y5)) . Opy(G) == Fidiag (G(2mi/N)YT) F,

where Zy is the unitary discrete Fourier transform on ¢*(Zy). This can be generalized to
arbitrary functions f € C°°(T?). If we consider T? as a complex curve and take as L the
theta bundle over it, one can show that Opy(f) = Ty f+O(N~°°) (see for instance [Roul7]).
We should also mention that discretizations used in some numerical schemes correspond to
Toeplitz quantization on tori (see for instance [BF22]).

Berezin—Toeplitz quantization of functions on tori have been used as a discrete model
of quantum mechanics in both mathematics and physics literature, see for instance [BO23]
for a recent application and for pointers in the literature. The physical (rather than purely
mathematical) motivation for considering general Kdhler manifolds with positive line bundles
is less clear. We mention however that Anderson in [And12] and Marché and Paul in [MP15]
studied Toeplitz operators in the context of topological quantum field theory. Deleporte
[Del19] also used Toeplitz operators to model spin systems in the large spin limit. In [DK10],
Douglas and Klevstov derived the Bergman projector parametrix for large NV, which is central
to the properties of Toeplitz quantization, using path integrals for particles in a magnetic
field.

Extending Vogel’s result to Berezin—Toeplitz operators required developing an exotic
calculus of functions on Kéhler manifolds. Specifically we consider operators of the form
X(N®Ty f) where x is a smooth cut-off function, f € C*°(X;C), and § € [0,1/2). This
requires a composition formula for Toeplitz operators for functions of the form N?°f. To
develop this calculus, the kernel of N*Ty f is asymptotically expanded using the Bergman
kernel approximation from [BBS08]. The resulting integral is then approximated by Melin
and Sjostrand’s method of complex stationary phase from [MS75].

This exotic class of functions is described as follows. We let f depend on /N, and allow its

derivatives to grow in N similarly to the classes Ss(1) in the case of quantization on R¢ x R?
(see [Zwol2, §4.4]):

feSs(l) «— 9%f = O, (N°).

In the Kéahler setting we consider differentiation on a fixed finite set of coordinate patches
(see Definition 3.2.3). As in the quantization on R? x R? we need an additional flexibility
of allowing order functions in our symbol classes. This is crucial for our main applications
in Chapter 4. The order functions, m, are defined on ¢ scales by demanding that for all
r,y € X,

m(z) < Cm(y)(1 + N° dist(z, y))

for some constants C, My > 0, and 0 € [0,1/2). Then we define f € Ss(m) if and only if
0“f = O(N°m) on each coordinate patch.

Chapter 3 develops a calculus of Toeplitz operators quantizing functions belonging to
these more exotic symbol classes. A rough formulation is given as follows.
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Theorem (An exotic calculus of Berezin—Toeplitz operators). Suppose that § € [0,1/2),
my,me are d-order functions on a quantizable Kdihler manifold X, f € Ss(my), and g €
Ss(ma) (see §3.2 for definitions). Then

1. The Schwartz kernels of T f and Tyxg admit asymptotic expansions.
2. There exists h € Ss(myms) such that Ty f oTyg =Tnh+ O(N~>).

The analog of this result in the setting of tori can be obtained by using methods already
available for the standard quantization in R? (see [CZ10]).

The precise statement for 1 and 2 are given in Theorem 3.3.1 and Theorem 3.3.11 respec-
tively. Applications to functional calculus are given in Theorem 3.4.2 and to trace formulas
in Theorem 3.4.5. Coefficients in the expansion of h are given Appendix A. More details are
also provided at the end of this section.

An essential ingredient needed to prove this exotic calculus is the asymptotic expansion
of the kernel of the Bergman projector Il1y. It was provided by Catlin [Cat99] and Zelditch
[Ze198] using the Bergman-Szegd kernel parametrix for strictly pseudoconvex domains ob-
tained by Boutet de Monvel and Sjostrand [BS75] and extended earlier work by Fefferman
[Fef74]. A direct approach to produce a Bergman kernel expansion for powers of positive
line bundles was given by Berman, Berndtsson, and Sjostrand [BBS08], and another direct
approach without relying on the Kuranishi trick was provided by Hitrik and Stone [HS22].

Similar exotic calculi have proven themselves useful in PDE problems from mathematical
physics, for instance, long time Egorov theorem, resonance counting, or resolvent estimates.

Composition results for Toeplitz operators of uniformly (in N) smooth functions are
now standard. They are discussed by Le Floch in [Lel'18], Charles in [Cha03], Deleporte
in [Dell9], Ma and Marinescu in [MM12], and references given there. In Appendix A, we
present a direct computation of the second term in the composition formula, proving the
classical-quantum correspondence for Toeplitz operators.

1.1 Statement of results

In the following results, we assume (X, w) is a quantizable Kédhler manifold of dimension d
with volume form pig :== w"?/d!. The symbol class S(1) as mentioned in the introduction is
defined in Definition 4.1.2 and is equivalent to Sy(1) as defined in Definition 3.2.3.

The following two theorems are proven in Chapter 4.

Theorem (Weyl law for Gaussian perturbations). Suppose f € S(1) is such that there exists
k € (0,1] such that

pa{z € X |fo(w) — 2> < t}) = O(t%)

as t — 0 uniformly for all z € C and {94,(N) : N € Z>1} is a family of random operators on
HO(X, LYN) whose matriz elements with respect to a fized basis are i.i.d. compler Gaussian
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random variables with mean 0 and variance 1. Then for each £ > 0 there exists 5 = [(e) €

(0,1) and C' > 0 such that if § = 6(N) satisfies
Ce™N' <§<C N2> (1.1.1)

then we have almost sure weak convergence of the empirical measures of Ty f + 09,(N) to
vol(X) 1 (fo)ta

More precisely, if \; = X\i(N,w) are the (random) eigenvalues of T f + 0%,,(N), then for
all p € C§°(C)

2o 25 s [ o0 (112)

almost surely, where (fo)«pta s the push-forward of the volume form pg on X by fo.
Moreover, for each € > 0, the constant B(g) in (1.1.1) can be chosen at most strictly less
than

{QEH if e < 2(,;1)

_k_ z'er 1

K+1 2(k+1)"

Almost sure convergence in the context of random matrices requires explanation. There is
a probability space (€2, .#,P) such that for eachw € Q and N € N, &,(N) is an N x N matrix.
For each N, the entries of ¢,(N) are i.i.d. Gaussian random variables. The expression in
(1.1.2) means that there is a full measure set of w € €2 such that the limit holds.

This theorem can be extended to a more general class of random perturbations, as stated
below.

Theorem (Weyl law for more general perturbations). Suppose f € S(1) is such that there
ezists k € (0, 1] so that

nal{e € X 1 |f(z) — 2P < t}) = O(t%)

as t — 0 uniformly for z € C and {#,,(N) : N € Z>1} is a family of operators on H°(X, LN)
whose entries with respect to a fized basis are i.i.d. copies of a complex random variable with
mean zero and bounded second moment. Then if A C C is an open set, almost surely

(%5 ) # (Spoctos + N0 A} 22 o € X s i) € )

In the next series of results (proven in Chapter 3), we assume ¢ € [0,1/2) is fixed, my
and my are two d-order functions on X, f € Ss(my), and g € Ss(m2) (see Definition 3.2.3).
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Theorem (Composition formula). There exists h € Ss(mimsy) such that
HTN,h - TN,f o TN79HL2(X,LN)—>L2(X,LN) - ﬁ(Nioo) (113)

Moreover if h is asymptotically written h ~ 3777 N-U=20ip. (see Definition 5.2./) then
locally

ho(z) = f(2)g(x) + O(N~02my (2)ma(x)) (1.1.4)
Zaago )HROLf(2)89(x) + O(N Dy (2ymy(z))  (1.1.5)

7,k=1
where (00p(x))* is such that Y, (00¢(x))* (9x0ep(z)) = 8;4 for j, L =1,...,d.
Theorem (Trace formula). If f ~ >> N~U=20if, then

Tr(Tn ) = ( )/fo ) dpu(x (/m ) dpu(x )ﬁ(Nd =20y (1.1.6)

Theorem (Existence of a parametrix). Suppose my; > 1 and there exists C > 0 such that
|f(z)| > Cmy(z) for all x € X. Then there exists p € Ss(my"') such that

TN,f @) TN,p + ﬁ(N—oo) = TN,p (©] TN’f + ﬁ(N_oo) == 1 (117)

Theorem (Functional calculus). Suppose for x € X, f(z) € Rsy and there exists C > 0
such that |f(z)] > C~'my(z) — C. Then for each x € C*(R;C), there exists ¢ € Ss(m™)
such that

X(TN,f) =TNng+ O(N~>) (1.1.8)

—(1- 25))

and the principal symbol of q is x(fo) + O(N where fo 1s the principal symbol of f.

Equation (1.1.3) is proven in Theorem 3.3.11, equation (1.1.4) is proven in Theorem 3.3.1,
equation (1.1.5) is proven in Theorem A.1.1, equation (1.1.6) is proven in Theorem 3.4.5,
equation (1.1.7) is proven in Theorem 3.4.1, and equation (1.1.8) is proven in Theorem 3.4.2.

There are two main difficulties in applying Melin and Sjostrand’s method of complex
stationary phase to our case. First, the amplitude in our integrals is unbounded in N, and
so any almost analytic extension will also be unbounded in N. This growth is carefully
controlled by the Gaussian decay of the phase. Second, the critical point of the almost ana-
lytically extended phase, which is already an almost analytic extension, must be estimated
for proper control of terms in the stationary phase expansion.

Outline of thesis.

1. Chapter 2 reviews preliminaries for this thesis. There is a brief discussion on what
quantizations are (§2.1) followed by the procedure of quantizing Ké&hler manifolds to
build Berezin—Toeplitz operators (§2.2).
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2. Chapter 3 builds an exotic calculus of Berezin—Toeplitz operators, establishing techni-
cal framework to prove a probabilistic Weyl law. This is done by first defining a new
symbol class Ss(m) (§3.2). In §3.3 we apply the method of complex stationary phase
to construct an asymptotic expansion of the kernel of Toeplitz operators whose symbol
is in Ss(m), which leads to a composition formula (this is also done in the simpler
case of C in §A.2.1). In §3.4, this composition formula is used to prove a parametric
construction, a functional calculus, and a trace formula.

3. Chapter 4 proves the probabilistic Weyl law for randomly perturbed Berezin—Toeplitz
operators. §4.1 reviews background material and states the main result of this thesis
(Theorem 4.1.4). §4.2 reviews logarithmic potentials and reduces Theorem 4.1.4 to
proving a probabilistic bound involving logarithmic derivatives of Toeplitz operators.
§4.3 sets up a Grushin problem to further reduce the problem to prove probabilistic
bounds on spectral properties of self-adjoint operators. §4.4 proves a deterministic
bound involving the logarithmic derivative of Toeplitz operators. The technique in-
volves scaling the symbol by a power of IV, and therefore relies on the exotic calculus
presented in Chapter 3. Finally, §4.5 chooses constants to establish the required prob-
abilistic bound for the almost sure convergence in Theorem 4.1.4. In §4.6, we describe
how to extend this result to the more general random perturbations as stated in The-
orem 4.1.5.

4. In Appendix A, the second term in the star product of Toeplitz operators is computed.

5. In Appendix B, several Toeplitz operators on CP! are explicitly computed and numerics
are presented.

Notation. We will use the following notation in this thesis for functions f and g depending
on N. We write f = O(g) if there exists C' > 0 independent of N such that |f| < Cg. We
write f = O(N~>) if for every M € N, f = ¢(N~M). Any subscript in the big-O will denote
dependence of C' of what is in the subscript. We will write f < g if there exists a C > 0
independent of N such that f < C'g. We similarly write f <, ¢ if the constant C' depends
on a parameter a. We write f < g to mean that C'f < g for some sufficiently large C' > 0
independent of N. For a u, v, w elements of a Hilbert space, denote u® v the map that sends
w to u {(w,v). We use the standard multi-index notation with the following twist: if a € N2

and f € C(CYC), then 07, f(x) = T}y 005 ) (2), where 9, i= (Ohete) — iOhmio))

and 0; = %(8;{6(35) + i0m(z)) are the holomorphic and anti-holomorphic derivative operators
respectively.

Publications. This thesis covers two papers written by the author during his PhD. Chapter
3 follows [O1t22] and chapter 4 follows [O1t23].

Not included in this thesis, but written during the author’s PhD are: [BO23], [BOV23],
and [BOV24].
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Chapter 2

Preliminaries

2.1 Quantization

Before discussing quantizing Kéahler manifolds, we discuss briefly what quantizations are.
Quantizations are a way of connecting classical and quantum theories. In classical mechan-
ics, a state is represented by a point in a symplectic manifold (or just R?¢ for simplicity).
A classical observable, like energy, is a smooth function on this symplectic manifold. In
quantum mechanics, a state is represented by an element of a Hilbert space (or just an ele-
ment of L2(R?) for simplicity). A quantum observable is an operator on this Hilbert space.
Quantizations are maps from the classical observables to the quantum observables.
Two examples to keep in mind are the quantum and classical harmonic oscillators.

Example 2.1.1 (Harmonic Oscillators). A classical harmonic oscillator is a system mod-
eling the position of a particle x(t): R>o — R which has a restoring force proportional to its
displacement. That is x(t) must satisfy the ordinary differential equation:

(02 + EHa(t) = 0 (2.1.1)

for some fized k > 0, which has a basis of solutions {sin(kt),cos(kt)}. The total energy of
this system is the sum of the kinetic and potential energy: 1(0,x(t))? + 3k*x(t)?. We then
have a classical Hamiltonian H(p,q): R* — Rsq given by H(p,

0 (2.1.1) can be alternatively found by finding trajectories (p(t

q) = p2—i— Tk%q?. Solutions
) aq(t )) R>o — R? solving:

atQ(t) 8 H7

The first equation tells us that 0,q(t) = p, so that 92q(t) = —k?*q(t) which coincides with
(2.1.1). Another way to view this is: for any fized energy E > 0, a solution to the harmonic
oscillator is a curve on the ellipse H = E in phase space.

A quantum harmonic oscillator is constructed by first defining the quantized Hamilto-
nian H by replacing p with %ax (where h € Ry is a small parameter) and q by the operator
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Figure 2.1: Here we solve (—h?0% + 22)¢(x) = Ev(x) for fixed energy E = 1 and decreasing
values of h. The blue curve is |[¢|? (representing the probability of finding a particle at
different = values) and the vertical dotted lines are at the classical turning points (z = £1).
As h 0, the probability of finding the quantum particle is largest near the turning points,
and smallest near z = 0, similar to the classical harmonic oscillator.

which multiplies by x. That is:
. 1 1
o= —Zh28% 4 21242
2h o, + 2/€ x
Time-independent solutions to the quantum harmonic oscillator are ¢ € L*(R) solving
Hi = Eqp. (2.1.2)

Integrating [1|* over a set A C R tells us the probability of finding a quantum state in A.
Solutions to (2.1.2) are so-called Hermite functions, and can only be constructed if E =
hk(n 4+ 1/2) for some n € Zso [Hall3, Theorem 11.3]. In this way, the quantum system
differs from the classical system in that there are only certain quantized allowed energies.

Despite this, the classical and quantum harmonic oscillators are linked in many ways,
satisfying the so-called correspondence principle. One way this correspondence shows up is
by fixing an energy E, and finding a solution to the classical harmonic oscillator x(t) with
energy E. Then for each h € R such that 1/(hk) —1/2 € Z>o, we find a solution 1y (x) to
(2.1.2). Then it can be shown that the behavior of vy(x) approximates the behavior of x(t)
as h — 0. Specifically, the probability of finding the quantum particle near the turning points
E = %k‘%?, is higher than the probability of finding the quantum particle at © = 0 [Hall3,
Chapter 15]. This agrees with the classical model, as the probability of finding x(t) at the
points E = %k2x2 is highest as this is where the particle’s velocity vanishes (see also Figure
2.1)

In general, a quantization procedure should take a function on a symplectic manifold and
get a family of operators on an associated Hilbert space indexed by a small positive number



CHAPTER 2. PRELIMINARIES 12

h. Such a quantization should have certain natural properties. For one, the procedure
should be linear. Real-valued functions should be quantized to self-adjoint operators. And
the symplectic structure should be captured in the quantization procedure. Explicitly, if f
is the quantization of f, then it is natural to require:

~

{f.g} = %[ 4] (2.1.3)

where {-,-} is the Poisson bracket and [-,-] is the commutator. Such an equality actually
cannot hold (see the Groenewold-van Hove Theorem [Gro46]), so instead we require (2.1.3)
to hold with an error going to zero in h.

The prototypical example to keep in mind is the Weyl-quantization originally introduced
by Hermann Weyl in 1927 [Wey27] (see [Zwol2, §4.2] for a textbook presentation) which
quantizes f € C®(T*R%) as Opy(f): L*(RY) — L?(R?). In this setting, f(z,€) is a smooth
function on R?? where x € R? should be thought of as the position and ¢ € R? should be
thought of as the momentum. The Weyl-quantization of f applied to a suitable function
u € C°°(RY) is given by

T+

Ovt (1)ute) = o [ [ e (S5 ) utwyac

In the case of Kéahler manifolds, the quantization procedure is slightly more involved.
In fact, not every Kahler manifold has the following quantization procedure. Such Kahler
manifolds who admit this quantization are called quantizable.

2.2 Geometric preliminaries

Here we review the geometric objects needed in this thesis. Two very useful references are
Alix Deleporte’s thesis [Dell9] and Yohann Le Floch’s textbook [LeF18]. We also thank
Garrett Brown for the helpful discussions as well as the many comments, suggestions, and
corrections he made in reading an earlier draft.

The way we get quantized Kéhler manifolds goes as follows: we begin with a complex
compact manifold, we assume there exists a positive line bundle, this provides a Kahler
metric making the manifold Kahler and allows us to build a Hilbert space and procedure to
quantize smooth functions on the manifold.

Definition 2.2.1 (Complex manifold). M is a complex manifold of dimension d if the
following holds.

1. M s Hausdorff and second countable.

2. There exist a collection of open sets U; C M and homeomorphisms p; : U; — C¢ such
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3. IfU;NU, # 0, then pjop,. ' is holomorphic on p(U; N Uy).
Such a set {U;, p;} is called an atlas.

On a d-dimensional complex manifold, consider a fixed chart (U, p), and let

P:(zlw--;zd):(331+i3/17--~71’d+iyd)

where x; = Re(z;) and y; = Im(2;). Then the tangent space at each point is a real 2d-
dimensional vector space spanned by the basis element 0,,,9,, for j = 1,2,...,d. There
exists a smooth endomorphism on the tangent bundle, J, called the complex structure defined
by sending 0, to 0,, and 9,;, to —0,,.

The complex structure is diagonalized by choosing a new basis for the complexified tan-
gent space (T,M ® C) by defining 8., = 1(8,, — i0,,) and 9., = 3(8,, + i0,,). In this way
J sends 0., to 0., and 5,2]. to —iE_Lj.

Then we define the holomorphic tangent bundle of M restricted to U as:

TOM|y = Span(9s, : j =1,...,d)
and the anti-holomorphic tangent bundle of M restricted to U as:
TO'M|y = Span(9, : j =1,....,d).

On overlapping atlases, the transition functions are holomorphic, so that these spaces are
preserved. Therefore we can globally define TV°M and T%!'M thus decomposing TM ® C
into a holomorphic and anti-holomorphic bundle.

Dual to these local basis vectors 8Zj and 52]. are one-forms dz; = dz; +idy; and dz; =
dwz; — idy; respectively. This allows us to again decompose the cotangent bundle into a
holomorphic and anti-holomorphic bundle.

We ultimately want to build a Hilbert space of some sort of holomorphic functions on a
complex manifold. Note that if the manifold is compact and connected, then this will consist
only of constant functions. We therefore have to be a little more clever, and instead consider
holomorphic sections of a well-chosen holomorphic line bundle over our manifold.

Definition 2.2.2 (Holomorphic line bundle). A holomorphic line bundle over a complex
manifold M is a tuple (L, ) where L is a complex manifold, w : L — M is holomorphic such
that:

1. For each m € M, 7=1(m) is a 1-dimensional complex vector space.

2. There exist open sets {U; :i € F} and biholomorphisms {7, : i € Z} where 7;: U; X
C — 7 YU;) and for each m € U;, z — 7;(m, z) is a linear isomorphism.

Here (U, ;) are called local trivializations.
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A line bundle can be completely described by defining its transition functions. That is,
if (U;,7:), (Uj,7;) are local trivializations such that U; N U; = (), then there exists a smooth
function f;; € C*(U; N U;; C\ 0) such that

7i(m, 1) = fij(m)7;(m,1)

for m € U; NU;. Such an f;; is called a transition function, and if (U, ;) is a third local
trivialization such that U, N U; N U; = 0, then:

fie = fijfik (2.2.1)

on Uy, NU; NU;. It turns out that defining transition functions that satisfy the cocycle
relation (2.2.1) completely describes the line bundle. And if such f ;s are holomorphic, the
line bundle is as well [LeF 18, Proposition 3.1.4, 3.1.5].

Definition 2.2.3 (Section of a line bundle). A section of a line bundle L over M, is a map
s: M — L such that for all m € M, w(s(m)) = m. Denote the space of smooth sections of
L over M as Q°(L, M).

Any smooth section s can be described locally on each trivialization U; by smooth func-
tions s; as:

s(m) = s;(m)1i(m, 1)
for m € U;. If U; NU; # 0, then for m € U; N U;
si(m)ri(m, 1) = s(m) = s;(m)7;(m, 1) = s;(m) fi;(m)7i(m, 1)
so we require that s;(m) = s;(m)f; j(m) on U; N U;.

Definition 2.2.4 (Hermitian holomorphic line bundle). A Hermitian holomorphic line bun-
dle over a complex manifold M is a holomorphic line bundle (L, ) over M with a smoothly
varying Hermitian metric h on fibers. That is:

1. For each m € M, hy,(-,-) is a Hermitian metric on 7= *(m).
2. If s is a smooth section on M, then m — hy,,(s(m), s(m)) is smooth.

A Hermitian metric on L can be described locally on each trivialization U; by h;(m) =
B (Ti(m, 1), 7:(m, 1)) for m € U;. Here the polarization identity is used to reconstruct the
Hermitian metric.

If U;, U; are trivializations with nonempty intersection, then:

hi(m) = hy(1:(m, 1), 7i(m, 1)) = b (f5.:(m)75(m, 1), f5:(m)75(m, 1))
= | f5i(m)[?h;(m).
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Definition 2.2.5 (Strictly plurisubharmonic). Give a smooth function f € C*(U;C) for
U and open subset of C¢, we say f is strictly plurisubharmonic on U if there exists a ¢ > 0
such that for all t € C*\ {0}

forall z € U.

In other words, f is strictly plurisubharmonic on U if in local coordinates the matrix
J0f is uniformly positive definite.

Given a smooth function f € C(M;C), the exterior derivative d can be written as
d = 0 + 0 where locally

d d
of = 0. fdz and of =Y _0.,fdz.
j=1 j=1

We can compute 00f as:

d d
0 (Z 0, fdzj> = 0.0, fdz Adz
=1 j

which is a two-form. We can therefore similarly define a smooth function f to be strictly
plurisubharmonic on an open set U if there exists a ¢ > 0 such that for all m € M and
v = v;0., € T,;’M nonzero,

d
0 f (m)(v,v) > CZ Jv; .

Definition 2.2.6 (Positive Hermitian line bundle). Given a holomorphic Hermitian line
bundle L over M with Hermitian metric h locally given by h;(m) = hp,(1(m, 1), 7(m, 1)) for
m € U; over each trivialization (U;,T;), then we say h is positive if

hy(x) = e~ ¥i(@)

where each @; is strictly plurisubhamonic for each j.
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Given a positive Hermitian line bundle with Hermitian metric A,
w = —iddlog(h;) = i00p; (2.2.2)

defines a globally defined symplectic form over M. Indeed, on overlapping trivializations,
have h;(m) = |f;;(m)|*h;(m), so we require:

d01og(hi(m)) — 89 log(h;(m)) = 0
which requires showing that
00log(| fi;(m)|*) = 0

but this follows using that f;; is holomorphic.
Now because w is closed (using that d = 0+ 0) and non-degenerate (because log(—h;) is

strictly plurisubharmonic) w is a symplectic form.
One can check that for all XY € TM:

w(JX,JY) =w(X,Y) and w(X,JX)>0 (2.2.3)

for X # 0. Indeed we will check the second inequality. Let X = ijl a;0,, + b;0,, so that
JX = Z;l:l —b;0,; + a;0,,. Note that d,, = 0., + gzj and 9,;, = i(0., — Ezj) so that

d
X = Z(aj + ibj)azj + (Clj — ’ibj)gzj
Jj=1
d p—
JX =) (=b; +ia)d., + (=b; — ia,)0.,

Jj=1

We then compute

d
WX, JX) =i Y 0.0.,0dz Adz(X, JX)

jk=1

=i 0.0, ((a; + ib;) (—iax — be) — (ar, — ibe)(—b; + iay)).

jk=1

Let u; = a + ib;, so that:

d
WX, JX) =0 0.,0:,0 (uj(—itix) — (iu;))
j,k=1
d
=2 8Zj52kgpujﬁk >0
j.k=1
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by plurisubharmonicity of .

A symplectic form, w, satisfying (2.2.3) and such that dw = 0 (which follows from
defining w in (2.2.2)) is said to be compatible with the complex structure of M. Such a pair
(M,w) is a Kdhler manifold and y; is called the Kéhler potential.

Given such a Kéhler manifold, (M,w) one can easily check that:

Im (U, v) = wy, (u, Jv)
defines a Riemannian metric on M for m € M, u,v € T,,M.

Remark 2.2.1. The definition of positive is slightly unmotivated (and confusing) without
more context. Very briefly, given a holomorphic Hermitian line bundle, there exists a unique
connection V (ie way of taking derivatives of sections) called the Chern connection. One can
locally compute the curvature of this connection as curv(V) = 8590]- (which is notably not a
positive form). However, w = icurv(V) is a positive form in the sense that w(X,JX) >0
for X € TM nonzero. The motivation is that we want to define g(X,Y) = w(X,JY) to be
a Riemannian metric, which requires positivity of w.

Definition 2.2.7 (Tensor power of a Line bundle). Given a holomorphic Hermitian line
bundle L over M with Hermitian metric h, for each N € N, one can define the Nth tensor
power of L, denoted by LY, as a new holomorphic line bundle L over M. Moreover, if f;;
are transition functions for trivializations of L, then Z-]j\-’ are transition functions for L™ and
so bV defines a Hermitian metric for L.

Definition 2.2.8 (H°(M, LY)). Given a positive Hermitian holomorphic line bundle L over
a d-dimensional complex manifold M with Hermitian metric h, let LY be the Nth ten-
sor power of L with Hermitian metric Y. Let w be the symplectic form given locally by
—i00(log(h;)). Let L*(M, LN) the completion of smooth sections of LN with respect the the
mner-product

W™ (dm)
g = [t o) )
Then H°(M, LN) is the subspace of L*(M, L") of holomorphic sections.

In fact, a simple argument [Lel'18, Proposition 4.2.3] can be used to show that H°(M, L")
is finite-dimensional. More specifically, dim(H°, L") < N (see for instance [LeF 18, Theorem
4.2.4)).

Definition 2.2.9 (Bergman projector). Given the objects in Definition 2.2.8, let Il be the
orthogonal projection from L*(M,LN) to H*(M, LY) (called the Bergman projector).

Definition 2.2.10 (Berezin—Toeplitz operator). Given the objects in Definition 2.2.8, f €
C>*(M). Then the Berezin—Toeplitz operator associated to f is the family of operators,
indezed by N € N, defined as:

Tnf: H(M,LY) 3 u s Ty (fu) € H'(M, LN).
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Example 2.2.1 (Complex projective space). In this example, we work through this quan-
tization procedure in the explicit example of the complex projective space of one dimension:
CP!. This should be viewed as the prototypical example of a quantizable Kihler manifold.
Indeed, by the Kodaira embedding theorem, every quantizable Kdhler is embedded in CP"
once a sufficiently large power of the line bundle is taken.

CP! is the space C?\ (0,0) with the equivalence relation:

(21,22) = (21, 24) <= Fe e C\ {0} : (21,22) = c(2], 23).

Elements of CP' are denoted by [(z1,22)]. We can define an atlas with two charts in the
following way.
[(21,22)] € CP" : 2 # 0}
[(21,22)] € CP" : 25 # 0}

{
{

=l
.

and

z
p1: U 3 [(21,22)] — 2—2 eC
1

z
p2: Us 3 (21, 22)] Z—l cC.
2

Over CP! we define the holomorphic line bundle 0(—1) (called the tautological line
bundle) by essentially associating to every point (z1, zo) € CPY, the complex line (21, z3) for
A e C.

Concretely, define (for z = (z1,2) € C?)

O(—-1) = {([z],£) e CP' x C*: { = Cz}
with the projection w([z], &) == [z]. The trivializations are defined on Uy and Uy by:

710 Ur x €3 ([2],€) = ([2], (§.6(22/21))) € 7 (Uh),
721 Uz x €3 ([2],§) = ([2], (§(21/22)),§) € 7 (V).

The transition functions (which completely describe the line bundle) must satisfy:
7([2]:1) = fii([2)7(lz], 1)
for [z] € Uy NUs. Replacing j by 1 and i by 2, we have the relation
([2], (1, (22/21)) = faa([2D([2], ((21/22), 1))

so that fa1([z1, 22]) = 22/21 (and by symmetry fi2([21, 22]) = 21/22).
The line bundle we use for defining Toeplitz operators on CP! is the dual of O(—1),
which is denoted by O(1). This is the line bundle such that each fiber (1) is dual to
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O(=1)p). Let 7; and f” be the trivializations and transition functions respectively of O(1).
Let [z) e UyNUy and ¢, ¢ € C. Then we have:

71([2], Q) = faa([z])%([2], 0),
7'1([2],() = f2’1([2])7'2([2],<).

Let (-,-) the pairing of an element in O(—1)p; and its dual. We therefore require:
(¢.0) = BalD faal2) (8,0

Therefore the transitions functions on O(1) are:

1 21

fallE) = ey = 5

and by symmetry fio([2]) = 22/21.
A Hermitian metric on O(1) is locally given by h;([z]) on U; and must satisfy, for
[Z] e Uy NUs,:

ha((e]) = o (EDPha(=]) = | 2| hal(2))
One example of such a metric is:
(15]) = Els
hl([ ]) : |Zl‘2 + |22‘2

foriv=1,2.
We next check that this is a positive line bundle, which requires checking that

0:0.(—log(h;([]))) (u, @) > cluf?

foru e T[lsz(CIP)l) nonzero. In coordinates x € C on Uy, this is:

9,0, (—log(h1([2]))) = 90, (log((1 + |z|*)))
—@(HIM%”)

1
= ————dz Adx.
(e 0
Ifu e T[lz’]o((CIF’l), then u = w;0, and @ = @;0,, so that:
_ i 1 , 1
0,0, (—log(h1([2]))(u, 0) = ——57lul” > Sul
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We therefore get a globally defined symplectic form (called the Fubini-Study form) w =
i00¢ = i(1 4 |z[*)"2dx A dz. In this way (CP',w) is a Kdhler manifold and O(1) is a
so-called prequantum line bundle.

The line bundle O(N), for N € N, is defined by taking the Nth tensor power of O(1).
The transition functions and Hermitian metric are simply raised to the Nth power.

Smooth sections of O(N) have the following L* inner-product:

(u,0) 2 = /Wl hizy(u(l2]), v(u([z]))w ([2])-

Locally, within Uy, this inner-product can be written as

— oy dz dz
<U,U>L?V — /(Cul(x>vl<x)eNlog(l+x| )m_
Because Uy contains all of CPY, except a single point (which has measure zero), this definition
suffices globally. We define L*(CP', O(N)) as the completion of the space of smooth sections
with respect to this L* inner-product. We then define H°(CP!, O(N)) as the subspace of
holomorphic sections.
This example is further expanded in Appendiz B.S5.

2.2.1 Remarks

There are many equivalent ways of constructing Toeplitz operators on Kéhler manifolds.
An alternative construction is to begin with a Kéhler manifold (M,w), and try to find a
holomorphic Hermitian line bundle which produces a sympletic form coinciding with w. Not
every Kahler manifold admits such a line bundle. There are conditions, which will not
be discussed here, of when such a line bundle exists. By the Kodaira embedding theorem
[Kod54], quantizable Kéhler manifolds are exactly Ké&hler manifolds which can be holomor-
phicly embedded into a projective space. In the language of complex geometry, the positive
line bundle L is called ample. In the language of geometric quantization, the positive line
bundle L is called a prequantum line bundle. For the sake of this thesis, we simply call
Kahler manifolds quantizable if such a line bundle can be constructed.

By [LeF18, Proposition 3.5.6], a quantizable Kédhler manifold with prequantum line bun-
dle L will have a unique Hermitian metric, up to multiplication by a constant. The choice
of such a constant varies in the literature. When discussing Bergman kernel asymptotics,
the convention is to take (i/2)00¢ = w for ¢ = —log(h). When discussing Toeplitz quanti-
zations, the convention is to take i00p = w. The latter is more natural in the semiclassical
setting (and followed in this thesis). This is the reason why the Bergman kernel used in this
thesis (and all literature discussing Toeplitz quantizations) is 27¢ times the Bergman kernel
in papers discussing the Bergman kernel asymptotics (for instance in [BBS08]).
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Chapter 3

An Exotic Calculus

3.1 Introduction

In this chapter, we assume X is a compact, connected, d-dimensional complex manifold with
a positively curved holomorphic Hermitian line bundle L. Locally the Hermitian metric
is given by h, = e~%. The Hermitian metric gives a globally defined symplectic form on
X by i00p = w. We then get that (X,w) is a Kéhler manifold. For a smooth function
f € C*(X), we denote the Berezin-Toeplitz operator associated to f by Ty ¢ (the f is put
in the subscript to more naturally write the Kernel of these operators).

In this chapter, we allow f and its derivatives to grow in N with bounds depending on
an order function m on X. This more exotic symbol class is defined in §3.2, and is denoted
Ss(m) (for m an order function and § € [0,1/2) a fixed parameter). The main result of
this chapter is to obtain asymptotic expansions of the Schwartz kernels of Toeplitz operators
whose symbol is in Ss(m).

3.2 A new symbol class

For the remainder of this chapter, we fix a finite atlas of neighborhoods (U;, p;)ic.s for X.

Definition 3.2.1 (¢-order function on X). For § € [0,1/2), a d-order function on X is a
function m € C*(X;Rsy), depending on N, such that there exist C, My > 0 so that for all
r,y€e X

m(z) < Cm(y) (1 + N° dist(x,y))MO (3.2.1)

where dist(z,y) is the is the distance between x and y with respect to the Riemannian metric
on X induced by the symplectic form w.

This chapter will also use d-order functions on R? and C¢, which are defined below.
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Definition 3.2.2 (§-order function on R? and C%). For § € [0,1/2), a §-order function on
R? (or C¢) is a function m € C®(R%Rwg) (or C*(C%Ryg), depending on N, such that
there exist C, My > 0 so that for all z,y € R? (or C?)

m(z) < Cmfy) (1+ Nz —y|)™"

Example 3.2.1. If f € C®°(X;Rxo) and § € [0,1/2), then m = N®f + 1 is a §-order
function on X.

Proof. First let o,y € U; for some i € .# and define m; = mo p;' and f; = f o p; . Using
that m; > 1, for a € N*? with |a| = 1,

(02 5mi)(w) = N* (072 fi)(x) S N*V/ fi(w) < N°y/mi(z).

Here we use the fact that if ¢ € C°°(C% Rg) with bounded derivatives and || = 1 then
105 29()| S V/9(x) (see for instance [Zwol12, Lemma 4.31]).

If o € N** with |a] = 2, then because f is bounded, (95 ;m;)(z) < N*. So by Taylor
expansion, there exists a C' > 0 such that

mi(r) < mi(y) + C(Vmi(y)le = yIN° + |z — yPN*)
< L+ |z = yPN*)ma(y).
To see this last inequality, let @ = \/m;(y) and b = |z — y|N?, then using that a > 1 and
b > 0, the right-hand side of (3.2.2) is:
a? + C(ab + %) < (a* + %) < (a® + a®b?)

which is the right-hand side of (3.2.3). As X is compact, there exists a C' > 0 such that

é|p(x) — p(y)| < dist(z,y) < Clp(z) — p(y)]

for all z,y € U;. Therefore m satisfies (3.2.1) on the patch U; with M, = 2.

For the global statement, pick z,y € X, and consider the minimum number of charts that
cover a geodesic from x to y having length dist(z,y). Next, label these charts Uy, ..., Uy
where x € Uy and y € Uy;. For each U; (i # M), select some z; € U; N U; 1. Then by the
above, we have that

M-1
m(z) < m(z) (1 + dist(z, ZO)N5)2 < Smly) H (1 + dist(z, zi+1)N‘$)2
i=—1

(where z_; := x and z)s = y). Then by the selection of the charts, dist(z;, z;41) < dist(z,y),
so that:

m(z) < m(y) (1 + dist(z, y)N‘;)QM :

Therefore we have (3.2.1) for My = 2|.#| (where |.#| is the number of charts). O
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Definition 3.2.3 (Ss(m)). Let m be a §-order function on X (with 6 € [0,1/2) fized). Define
Ss(m) as all smooth functions f on X, which are allowed to depend on N, such that for all
a € N24, there exists Cy, > 0 such that

105.2(f 0 pi H(2))] < CalN*lmo pr ()
for each i € F and x € p;(U;).
Similarly, by replacing X by R? or C?, we can define Ss(m) for functions on R¢ or C¢.

Definition 3.2.4 (Asymptotic expansion of symbols). Ford € [0,1/2), m a d-order function
on a quantizable Kdhler manifold X, functions f; € Ss(m) for j € Z>o and f € Ss(m), we
will write f ~ > 0° N=U=203f, if for alla e N*, M €N, and i € &

M—-1
02s(fop @) = 3 NTOUTV(f 057 )
§=0

— Gt (N1 0 97 ().

(3.2.4)

By Borel’s Theorem (see [Zwo12, Theorem 4.15] for instance), given any f; € Ss(m) we
can always construct such an asymptotic sum.

Proposition 3.2.5 (Borel’s Theorem for Ss(m)). Fizing 6 € [0,1/2), m a d-order function
on a quantizable Kihler manifold X, and f; € Ss(m) for j € Zso, then there exists f € Ss(m)
such that (3.2.4) holds and f is unique modulo O(N~°°) error.

Proof. On each coordinate patch, U;, define
aj(@) i= N2 £ ()= (o) and  nle) = mp;  (zN)).

In this case a; € Ss(m;) for each j, and so by [Zwol2, Theorem 4.15], there exists a € Ss(m;
such that a ~ > ;" N7a; with uniqueness modulo &(N~°°) error. On U;, we let f(x) =
a(p(z)N~°). We can glue each patch together by uniqueness to get a globally defined f. [

Example 3.2.2. Given a compact Kdhler manifold X, smooth functions f; € Sy(1) for
JEZso, fo>0, f~S°NTIf;, 6€[0,1/2) and m = fuN? + 1, then fN® € S5(m).

Proof. For each i, let g; = N f o p;' and m; = mo p;*. First, for x € Uj
|9: ()] S N* fo o p;H(w) S mala).
If o € N*® with |a| = 1, then:
105:9:(2)| S N202 5 (foo pit) (w) S N*3/ foo pH(x) S Nomi(w),

using that 0 < f; < mN~2 and m > 1. Then, because each f; is bounded, for all a € N2?
with o] > 2

10729 ()| S N®07; (foo pi ) (x) S N* < m(z)N? < m(z)N°l.
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3.2.1 Almost analytic extension

When applying the method of complex stationary phase, almost analytic extensions of
smooth functions are constructed. We will briefly review results about almost analytic
extensions, as well as prove estimates for almost analytic extensions of functions in Ss(R?).
Similar results about almost analytic extensions of functions with growth in N are proven
in [MS75, Proposition 1.16].

We recall the notation 0, = %(GRG(Z) — i0m(z)) and 0, = %(BRe(Z) + 0m(z)) to denote
holomorphic and anti-holomorphic differentiation. Recall f € C*°(C) is holomorphic in an
open set U C C if and only if 9,f(z) = 0 for all z € U. To apply the method of complex
stationary phase, we would like to take a smooth compactly supported function f on R?
and extend it to a holomorphic function f on C% and apply the Cauchy integral formula.
Requiring holomorphy of f is impossible by Liouville’s theorem. However, if we relax the
condition of holomorphy to 8f vanishing up to infinite order as we approach the real axis,
we can apply a variant of the Cauchy integral formula.

For a smooth function f € C*(CY), we write f = O(|Im (2)|™) to mean that for any
M € N and compact set K C C, there exists C'= C(M, K) > 0 such that

f(2)] < CIm ()|
for all z € K.

Proposition 3.2.6 (Almost analytic extension of Cg°(R?) functions). If f € Cg°(R?), then
there exists f € C3°(C?) such that for o, 3 € N, |3] > 1

1. flga = f,
2. 9.f(z) = 0(JIm (),
3. 099, f(2) = Onp(|lm (2)|),

4. 02f(2) = Ou(1).

Moreover, given any neighborhood containing the support of f in C%, such a f can be con-
structed to be supported in this neighborhood.

Remark 3.2.1. While included for clarity, we note that conditions (2) and (3) are equivalent
in Proposition 3.2.6 as proven in [Tre80, Chapter 10, Lemma 2.2].

A construction in one dimension of such an extension (which is easily generalized to
higher dimensions) is

flz+iy) = ¢2(:)

/R e f(¢)y(y) de
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where ¢, x € C§°(R), with xy = 1 near 0 and 1) = 1 on the support of f. See [Tre80, Chapter
10.2] for further discussion.

Almost analytic extensions are not unique. However, if f and g are two almost analytic
extensions of f on R? then by Taylor expansion, 822(f(z) — §(2)) = OuW(|Im (2)|™) for any
a € N%,

Furthermore, smooth functions can be extended off any totally real subspace, that is
a subspace V' C C? such that iV NV = {0}. In this way if f € C§°(V), then there
exists f € C°(C%) such that 9, f(z) = &(|dist(z, V)|**). While any holomorphic function
is determined by its restriction to a maximally totally real subspace, the same is true for
almost analytic extensions modulo &'(|dist(z, V')|™) error.

Proposition 3.2.7 (Almost analytic extensions of Ss(m) functions on R?). For a fived
6 €10,1/2), and given a 6-order function m on R?, and f € Ss(m), then there exists C' > 0
and an almost analytic extension f € Cg°(C?) such that for a, 3 € N, |8] > 1,

1. flga=f

2. 9.f(2) = m(Re (2)) N°O(|Im () N?|™),

3. 900, f(2) = Oup(|m (2) N°[°)NCHHDm(Re (2)),
4. 02f(2) = Ou(N"?ym(Re (2)),

5. supp f C {|Im )| < CN~ 5}

Proof. Let 1 € C§°(R?) be such that 1, (z) := ¢(z — n) for n € Z? is a smooth partition
of unity. Next let g(z) = f(N~%z) and m(x) = m(N~%z), so that for each a € N2¢
02,9(2)| Sa N9 Neln(N-32) <o 1n(z).

For each n € Z4, let m,, = m(n) and g, () = g(x)Y,(x). By shrinking the support of
¥, we may assume supp g, C {|z —n| < 1}. Note that m(z)/m(y) < C(1 + |z — y|)*° so
that C~127 Mo, < m(x) < Cm,2M0 for all € suppg,. Therefore for all o € N9, there
exists C, > 0 such that |0%g,(z)| < Cymy,. Then, by Proposition 3.2.6, an almost analytic

extension of g,, g,, can be constructed to satisfy the following.

d gn|Rd = On-

e 0.G,(2) = m,O(|Im (2)|*) (with constants independent of n).

For each o, 8 € N4, || > 1: aaazgn( ) = Mn O, (|Im (2)]%).

For all a € N¢: [02G,,(2)] = m,0(1).

e supp g, is contained within a complex neighborhood of the real ball of radius 1 centered
around n.
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Since Y g, = g, it follows that Y g,(#N°) = f(x). Therefore the natural choice of an
extension of f is f(2) := > gn(2N?). )
From this, (1) follows immediately. To see (2), let §(z) := f(N~°z2), then for all M € N:

03()1 < D 18:9a(2) Sa m ()Y Y it S [Im (2)[ Y m(Re (2)).

n:ZESUpPP gn n:ZESUpPP gn
Changing variables, z — zN°, we get:
0f(2)] S [Im (2)]" NV 'm(Re (2)).

By the same change of variables, (3), (4), and (5) follow similarly. O

3.2.2 Bergman kernels

On the holomorphic Hermitian line bundle L over X, let 7; be trivializations on the open
sets U; with transition functions g;j, defined by: 7;(z,1) = g ;(x)7 (2, 1) for z € U; N U.
Sections on L can be locally written s(z) = s;(z)ej(x) where e;(x) = 7;(x,1) and s; are
complex valued functions. A global section s, given by s;’s, must obey the transition rule
sk(2) = grj(x)s;(z) for x € U; N Uy. Recall that lengths of elements of L coincide with the
Kihler potential o, that is |le;(z)|| = e~#/(®).

Using the volume form pu = w”?/d!, the L? inner-product on sections of L is explicitly
written

(w0) = 3 [ @)z dua),

where x; is a partition of unity subordinate to U;, and u,v are smooth sections such that
u=> uje; and v = Y wvje;. In this way, smooth sections can locally be described by smooth
functions. Throughout this thesis, as most of the analysis is local, sections are treated as
smooth functions and e; are not written.

Sections of the N tensor power of L, denoted by L%, are locally written s(z) =
sj(x)e;(z)®N where s; obey the transition rule si(z) = g (z)s;(x). A Hermitian metric
on L% can be constructed by raising the original metric to the N** power. In this way, there
is a natural inner product on sections of L" coming from the original metric. Given sections
wand v on LY, define

(u,v) = Z /U Xj(x)uj(x)ﬂj(a:)e’N“"f(w) du(z).

In the following section, we will write operators on sections as integral kernels. The Bergman
projector Iy is a bounded map from L*(X, LY) — L*(X, LY), and by the Schwartz kernel
Theorem (see [Lel'18, Proposition 6.3.1]), has Schwartz kernel Iy € L*(X x X, LY K LN).
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Here X is the manifold X with symplectic form —w and complex structure opposite to the
complex structure on X. ITy is a smooth section of LYK LY which is holomorphic in the first
argument and anti-holomorphic in the second argument, so we write Illy € H O(X x X, LV K
LY). Similarly, Schwartz kernels of Toeplitz operators also live in H°(X x X, LN @ N).
Just as smooth sections can locally be described by smooth functions, smooth sections of
LN ® LN can be described by smooth functions of two variables. A holomorphic section of
LN K LN can be locally defined by a function of two variables which is holomorphic in the
first component, and anti-holomorphic in the second component. For this reason, we will
locally write 1y as IIy(z,y), so that the function IIy(z,y) is holomorphic in both variables.
In the remainder of this thesis, this convention will be used for both holomorphic functions,
and almost-holomorphic functions.
For a smooth function f on X, the associated Toeplitz operator has kernel

T p(o9) = [ Ty @) ), 5)e™¥ dpto)

This chapter does not include the L? weight in the kernel, that is if « is a smooth section on
LV then

Ty slu) (2) = /X Ty s (e )uly)e2® du(y).

In [BBS08], Berman, Berndtsson, and Sjostrand provided a direct proof to approximate the
Bergman kernel near the diagonal (for each Ny € N) by:

1Y (,7) = (%) Vv @) (1 +ibi(:c,g)> (3.2.5)

where b,, € C*(X x X;C) are locally almost analytic off {(z,Z)}, and v is an almost
analytic extension of ¢ such that ¥ (z, ) = ¢(z). By [BBS08],

My(z,7) = IN (2,5) + O(NNo=t) 3 (el o) (3.2.6)
Conversely, away from the diagonal we have the following Lemma proven in [MMI14].

Lemma 3.2.8 (Off diagonal decay of Bergman kernel). For z,y € X, there exists C,c > 0
such that:

I (. 9y, < ONemeV Nt

where dist(-, -) is the Riemannian distance on X and locally [Ty (x, )|, is

e 2 (@O Ty (x, 7). (3.2.7)
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It should be noted that in [Chr13], Christ proved a stronger decay estimate of 11y away
from the diagonal, but we want to avoid fine analysis at this early stage.

By Taylor expanding (x,y) near the diagonal, it follows that there exists C' > 0 such
that

Re (6(2, 7)) < ~Clr — P + 5(ola) + o(0)) (328)

(see for instance [HS22, Proposition 2.1]). This, along with Lemma 3.2.8, provides the
following global bound.

Lemma 3.2.9 (Global Bergman kernel bound). There exists €,C,c > 0 such that:

CNie=CNle=vl L g(N=) if dist(z,y) <
Iy (@, 9)ly, < | ’
[ N(aj,y)HhN = {CNde—cx/ﬁa if dist(x,y) > e.

Where, locally ||TIx(z,y)l],, is given by (3.2.7) and |x — y| is the distance in coordinates of
x and y (e > 0 is chosen sufficiently small such that x and y are in the same chart).

3.3 Composition of Toeplitz operators with symbols
in Ss(m)

This section estimates the composition of two symbols in Ss(my) and Ss(ms) where m; and
mo are two d-order functions on X with ¢ € [0,1/2) fixed. That is, if f € Ss(m;) and g €
Ss(mg), then this section constructs h € Ss(myms), such that Ty foTng = Tnp+ O(N~).
Here the big-O is in terms of the norm L*(X, LY) — L*(X, LY).

This proof will be broken into several steps which rely on the method of complex sta-
tionary phase. Before this, we explicitly write out the Schwartz kernel of Toeplitz operators.

3.3.1 An Asymptotic Expansion of the Kernel of a Toeplitz
Operator

In this subsection, we apply Melin and Sjostrand’s method of complex stationary phase to
obtain an asymptotic expansion of the kernel of Toeplitz operators for functions in Ss(m).

Theorem 3.3.1 (Asymptotic expansion of symbols in Ss(m)). Suppose ¢ > 0 is small
enough such that if dist(z,y) < e, then x and y are contained in the same chart. Let
A ={(x,y) € M x M : dist(z,y) < e}. Fizing 6 € [0,1/2), suppose m is a d-order function
on X with constant My in (3.2.1). Then if f € Ss(m), there exist f; € C°(A;C) (j € Zp)
such that for all J € N, in local coordinates T ¢(x,y) is

d J—-1
< ; ) e (Z N fi(e,5) + N7 Ry (a, ?J)> +erPWTIG(NT)  (3.3.1)

27 ,
Jj=0
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where:
Ry(x,9) € N*(Ss(m(x)) N Ss(m(y)),
fi(a,5) € N*7 (S5(m(x)) N Ss(m(y))),
supp fj(z,y) C {dlst z,y) < CN~ 5}
folz,2) = f(2),

for some C' > 0. Moreover, in local coordinates, fj(x,y) are almost analytic off the totally
real submanifold {(x, y) €CixCl:y= i’}, and if f is another almost analytic extension
agreeing with f; on the diagonal, then the difference of the two kernels is exp(F(p(z) +
e(y))O(N~>).

Remark 3.3.1. An alternate asymptotic expansion can be written by bounding Ry in (3.3.1)
and absorbing the exp((N/2)(p(z) + ¢(y))O(N~>°) term. That is (with the same quantifiers
as in Theorem 3.3.1) T ¢(x,y) can be written

N d J—1
(35) ¥ N
j=0

+ 2 (@ +eW) g(N=T0-20) yin (m(z), m(y))).

(3.3.2)

The proof follows the method of complex stationary phase, developed by Melin and
Sjostrand in [MS75], and presented in [Tre80] by Treves. The difficulty is that the amplitude
is no longer bounded in N, but lives in Ss(m) and so any almost analytic extension is
slightly weaker than in [Tre80]. Careful analysis is required to ensure the stationary phase
still provides appropriate remainders.

To avoid reproving the method of complex stationary phase, we use the same notation
for variables in [Tre80]. Unfortunately, there is no ideal uniform choice of variables. We
will have the same variable used for different objects in separate parts of the proof. We
begin with (z,y) to denote the argument of the Schwartz kernel. For each (x,y), we get an
integral over w € C?. We rewrite w in real coordinates, p, and replace (z,y) by t, to use
the same notation as in [Tre80, Chapter 10]. After going through complex stationary phase,
we replace t by (z,y). This notational choice is summarized in the following table for the
reader’s convenience.

variable name | space | first reference | step(s) used comment
x,y C? (3.3.3) 1,5-9 argument of kernel
w C? (3.3.3) 1,5 integrated variable
D R (3.3.6) 1 realifies w
P C? step 2 2-4 complexifies previous p
t R* (3.3.7) 1-5 realifies (z, 7))
p(t) = p(z,7) Ccx step 2 2,4-8 critical point of W
p(x,7,2) =plz) | C* step 2 2,3,5,7 point on new contour
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Proof. Step 1: Rewrite Ty, ¢(x,y) locally in real coordinates
The goal is to write T ¢(z,y) for  near g € X and y € X. We may assume z, € U,
with p(xg) = 0 (recall (U;, p;) are charts on X). By construction,

Ts(e.) = [ (e, o) f(w) (o e dp(w)
o (3.3.3)
[ Tl )y, g)e 0 du(w)
X\Uy

By Lemma 3.2.9, the second integral is exp(5 (¢(z) + ¢(y)))O(N~>). If y ¢ Uy, then by
Lemma 3.2.9, (3.3.3) will be exp(5 (¢(z) + ¢(y))) O(N ™).

We now assume that x,y € U; which allows us to work locally. For the remainder of
the proof (until the last step) all computations are for z and y in this chart. We therefore
replace p(x) and p(y) by « and y respectively and functions on X are replaced by functions
on C with the same name.

We now rewrite (3.3.3) as

/ eNcb,,g(w)gm(w) dm(w) + e%(s@(w)Jr@(y))ﬁ(N*OO) (3.3.4)
p1oU1

where

2d
) = (55) (0 Bla 0) B, (). (3:35)
S ) dmur
i w(w) dm(w

Here dm(w) is the Lebesgue measure on C?. Note that locally if

d
w=1 Z H&mdwg/\dwm

£m=1
then

w/d! = 2% det(H) dRe (w;) A dIm (w;) A - - - A dRe (wg) A dIm (wy) .

Recall that H = 90y which is locally a positive definite matrix. Therefore, locally, pu(w) =
24 det(00p(w)).

For any M’ € N, the projector Iy can be estimated with M’ terms as in (3.2.6).
Indeed, if we let B(z,y) = 1+ Ziw bi(x,y), as in (3.2.5), then this introduces error
O (N*=2M=2) exp (X (p(x) + ¢(y))) which is absorbed into the error term in (3.3.4) as M’
can be arbitrarily large.
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We next change to real coordinates by setting

p = (Re (w) ,Im (w)) € R*,
t == (Re(x),Im (z),Re(y), —Im (y)) € R*

and define

U(p.1) = Dogw(p) - Sp0) +o(0): R xRY 5 € (3358)
9(p,t) = gog(w(p))x(w(p)): R* x R* — C (3.3.9)

where x € Cg°(C%[0,1]) is identically 1 near 0. With this, the first term of (3.3.4) can be
written

X (@) o)) / N0y, 1) dp
R

(3.3.10)

Mg, )1 - xw) dmw)
p1oU1

By the Taylor expansion of Re (P, ;(w)) stated in (3.2.8), it immediately follows that the

second term in (3.3.10) is exp(%(gp(x) + o(y)))O(N~).

Summary of step 1. We have observed that the Schwartz kernel of Ty ¢, written Ty ¢(x, 9),

is concentrated along the diagonal y = x. Near any =, we can approximate Ty ¢(x,y) as

an integral over R* of the form [ exp(Nv(p,t))g(p,t)dp. Here ¢ is a function of z and

Yy, g is a smooth compactly supported function depending on the symbol f, the Bergman

kernel, and the density of the volume form on the Kéahler manifold X, and ¥ is a sum of

phases appearing in the Bergman kernel. We would now like to apply the method of complex

stationary phase to approximate this integral.

Step 2: Deform the contour of the main term

Following the method of complex stationary phase presented by Treves in [Tre80, Chapter
10], the first term of (3.3.10) will be estimated by a contour deformation. Let ¥ and § be
almost analytic extensions of U and ¢ in the p variable (as described in Propositions 3.2.6
and 3.2.7).

We first observe that there is a unique solution $(t) to 8,%(p,t) = 0 (where p € C??)
such that the Hessian W, (j(t),t) is invertible with real part negative definite. Indeed, by
[HS22, Proposition 2.2], ¥(p,0) has a unique critical point at p = (0,0) with critical value
equal to zero such that the real part of the Hessian is a negative definite matrix. By the
implicit function theorem (see [Tre80, Chapter 10, Lemma 2.3] for details), there exists a
unique smooth function p(t) solving 9,¥(j(t),t) = 0 (here 9, is the holomorphic derivative
in the p variable). In Lemma 3.3.7, an estimate of p(t) is proven.

The desired contour deformation relies on a particular function ¢, which is proven to exist
in [Tre80, Chapter 10, Lemma 3.2] and is stated here without proof.

Lemma 3.3.2. There exist U C C*¢, V C R* open neighborhoods of 0 and smooth function
q:U xV — C* such that
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L. q(p(t), 1) = 0,

2. for each t € V, p— q(p,t) is a diffeomorphism from U onto an open neighborhood of
zero in C%,

3. W(p,t) — U(p(t), t) + 3qlp.t) - q(p, t) = O((|Im (p)| + [Im (5(t))])>).
Let q(p,t) = (21, ..., 200) = (1 +iy1, ..., Tog + iyaq). For each ¢, let

U (t) = q(supp g "R* 1) c C*.

For t close to 0, there exists a function ¢ such that % (t {.CE +iy:y=_((x,t),z € %R(t)},
where % ®(t) is the projection of U (t) onto R,
For each s € [0,1], let % (t) = {x + is((x,t) : x € Z*(t)}. Define the contour:

U(t) = {p e C* : q(p,t) € U(t)} = q(-, 1) (%(1)).

To ease notation below, let 2z, = z,(z) = x + is((z,t), and p(zs) = q(-,t) " (2,), so that
Us = {p(z5(x)) : @ € %" }. For a simple example of this contour construction, see Appendix
A.2.3. For a schematic drawing of this contour construction, see Figure 3.1.

Observe that % (t) = {z + ((z,t) : w € #*(t)} = % (t) = q(supp g NR*.,t). So
Ui(t) = {p € C**: q(p, 1) € g(suppg NR*, )} = supp g NR*.

Because this contains the support of g, we may rewrite the first integral in (3.3.10) as

/ ew(p’t)g(p,t)dPZ/ NP0 (p, ) dp,
R2d Ui (t)

which, by Stokes’ theorem, is

/ N\I/(pt ( )dp A - /\dde
Do(®) (3.3.11)

/ (@, (NP0 5(p, 1)) A dp! A A dp
w

where W = {p € C* : q(p,t) € %(t),s € [0,1]}.
Summary of step 2. We considered [ exp(NW¥)gdp as an integral over R* within C*¢ by
almost analytically extending ¥ and g. We then chose a particular contour deformation and
applied Stokes’ theorem to rewrite this as two integrals (as in (3.3.11)). We will show that
by this choice of contour deformation and almost analytic extensions, the second term in
(3.3.11) is negligible.
Step 3: Estimate 8,(exp(N¥)g)

To control the second term of (3.3.11), O-estimates for ¥ and § are required. Note
that p — W(p,t) € C=(R*?) (with uniform derivative estimates independent of N as in
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iRZd - iRZd
n0) | UCE) = Uy (¢
1 \i ) 1(1) p(z0(x)) U,
21(x) : (o
P W = U@ ﬂ 1
]RZd /? RZd ? \
Zo(x) i \
| P(Z%(XJ) Uy
i p(zl(x))
g™

v

Figure 3.1: Schematic of the contour deformation.

Proposition 3.2.7). Therefore ¥ has the usual 0, estimates (vanishing to infinite order in the
imaginary direction). On the other hand, g has growth in N when differentiated.
Here we define mg : R?? — R, by

mg(p1,p2) = mo pyt(p1 + ip2). (3.3.12)

Then, by examining (3.3.5) and (3.3.9), we see that g(-,t) € Ss(mg) (prior to almost analytic
extension). Therefore, by Proposition 3.2.7, for all M € N and p € C?*¢, we have that

1855 (p, )] Sar N°~M° [ (p)|" 1z (Re ().

Therefore:

10,(eNY PO 5(p )| = |(Bpii(p, t) + NI, U (p, t))eN V@]
<M eNRe(\i/(pJ)) (N(s*M‘;mR(Re (p)) \Im (p)|M + N |IIIl (]9)|M>

~Y

S NRe(¥(p1) [t (p)[* (N* ™D (Re (p) + N).

As we are integrating over W, we may write p = p(zs(x)) for z € Z® and s € [0,1]. Now a

bound of exp(NRe <\I/(p(zs(x)), t))) is required. For this we apply the following Lemma.
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Lemma 3.3.3. If U and V' are small enough, there exists a C' > 0 such that for all (x,t) €
UxV :

Re (D(p(z(2)), 1)) < —Clim (p(z ()

Proof. This is an upgraded version of [Tre80, Chapter 10, Lemma 3.2], which states that for
all s € [0, 1], there exists C' > 0 such that

Re (D(p(24(2)),1)) < =C'(1 = ) m (p(zy(@)) = C'[m GO (3:3.13)

Observe that for s = 0, p(zs(x)) € R*’. Then because Re (@) has a unique critical point
with negative definite Hessian, we see that for s and x near zero, there exists a C” > 0 such
that Re (\if(p(zs(x))),t> < —C"|p(zs(x)|? < —C" |Im (p(z4(x)))|*. We can combine this with
[Tre80, Chapter 10, Lemma 3.2] to get Lemma 3.3.3. O

Using this lemma, we see that

10,(eNYP0 g(p, 1))| Sar e ENEE 1 (p) M (NS HD g (Re (p)) + N)

Sararr N7 Im (p)] 72 max (NG, N)

~Y

for any M’ € N. Here we used that mg(z) < N°Mo and p is bounded on the region we are
integrating. Let M = 2M’ so that

|a ( NE( pt)g(p, t))| §M maX(N(s(MoJrl)fM(l/Qf(S)’Nl*M/Q) — ﬁ(Nfoo)

because 6 < 1/2, and M can be made arbitrarily large.

Summary of step 3. In this step, we proved that the second term of (3.3.11) is &(N ).
This involved estimating 5 applied to the integrand. This was controlled by Propositions
3.2.6 and 3.2.7. Because g is a function of our symbol (so its derivatives are unbounded in
N), these 8 -estimates are weaker than the 8 —estimates on W. Fortunately, by the choice of
contour deformatlon on the domain of integration the phase behaves like a Gaussian, and
destroys all temperate growth in the 5p—estimates.

Step 4: Reduction to quadratic phase

We now compute the first term in (3.3.11). Define

J(N) ::/UeN“I’W G(p,t)dpt A -+ A dp*. (3.3.14)
0

First change variables to integrate over x € R2¢:

a0 = [ g0 () ar
YR ax
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Next, Taylor expand the phase about the critical point and interpolate the remainder. Define

iR(x,t) = U (p(w),t) — W(p(t), 1) + |2 */2,
Uy(z,t) = U(p(t), 1) — |2[*/2 + isR(x. ),
W) = g(p(x),t)(0p/dx). (3.3.15)

Note that U, (z,t) = U(p(z),t) and Wo(x,t) = U(p(t),t) — |z|?/2. We would like to prove
that J(NV) can be estimated using the ¥, phase with &(N~>°) error.
Using that

1
/ NR(x, t)eN\pS(x’t)dS _ eNlPl(:c,t) o eN\IIO(I,t)7
0
we get that

)NR(x,t)eNY@0 dz ds

(eN\Ill(w,t) _ eN‘Ifo(p(x),t)) h(x) dr

YR YR

1
<N / / (@) R(z, )]0 dads. (3.3.16)
0 UR

We can control R(z,t) by the following Lemma presented in [Tre80, Chapter 10, Lemma
3.2].

Lemma 3.3.4. For allx € %®(t), t near 0, M > 0, there exist Cyy > 0 such that |R(z,t)| <
Cur(|Tm (p())] + [Tm (p(2))) ™.

Using this, and Re (ﬁ;<p(x),t)) < —CO(Jm (F(1)2 + [Im (p(=))[2) (by (3.3.13)), we see
that for all M € N, there exists C'y; > 0, such that

[R(z, )] < ~Car (Re <\I’(p(x),t))>M.
By expanding U, (. £),
Re (W (2.0) = (1= e (¥(3(0).0) + (1 —3) (5L ) + sRe ((p(o). 1)
< sRe (lil(p(x),t)) .

Then, since |h(z)] < CN°Mo (for some C' > 0), (3.3.16) is bounded by

C NOMot1 (/%R </01/2 (— Re (@(p(x),t)) )e%mz ds
N ﬁ L N Re(H(p(z).0) ’Re (\I/(p(g;),t)> ‘Mds) dx),
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Because Z® is bounded, and ¥ is bounded, both terms are &'(N~>°).
Therefore:

J(N) = N¥E00 /

%]R

e NP2 (p(2), 1) (g—i) dz + O(N™) (3.3.17)

Summary of step 4. This step proceeded identically to [Tre80, Chapter 10]. We began
with our integral on the constructed contour Uy in C*¢ (3.3.14). We changed variables to
integrate over the real variable z € R??. We proved that this integral can be approximated
by replacing the phase with the critical value of the phase minus a quadratic term. This is
to set us up to apply the saddle-point method (also called real stationary phase).
Step 5: Apply the saddle-point method

By the saddle-point method (see for instance [GS94, Exercise 2.4]) for each J € N we
can now rewrite (3.3.17) as

eV (B).1) / e_N‘xlz/Qh(w) dr + O(N™™)
R2d

o or\¢ (=L 4 4
_ NEGOD (%) (Z T A+ NJ];{,@)) (3.3.18)
3=0 ‘

with error bound

Ry Ss Y sup |07A(x)],

2d
la|=2(J+1) TR

where h is defined in (3.3.15).
We now have to unravel all the definitions of the functions in (3.3.18). First, replace ¢ by
(x,9). From the first four steps, we have shown that for x,y near zero, in local coordinates,

exp(—(N/2)(p(z) + oY) Ty s (z,7) is

/NN
N (B(x.9)..9) (%) <Z N7 fi(z,7) + N_JRJ(:E, g)) + O(N™), (3.3.19)
=0

for each J € N, where:
fi(z.§) = (127) 7" Alh(z,7,0) (3.3.20)
with

h(z,g,2) = F(p(e, 7, 2))Ga(x, §, p(e, 7, 2)) det (%ﬁ’”) . (3.3.21)
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Here we are defining p(x,v, ) = ¢ '(-,z,7) (with ¢ the change of variables defined in
Lemma 3.3.2). As usual, the derivatives of the terms in the stationary phase expansion are
evaluated at the critical point of the (almost analytically extended) phase. Indeed,

p(l‘,g,O) = qil('amvg)(()) = ﬁ(l',g)

by the first property of ¢ in Lemma 3.3.2.
Recall that z,y € C¢, z € R*, p € C*, and §, is an almost analytic extension of g
defined in the following way. We let

go(w, 2,) = B, ®) B(w, ) det (00 (w))x(w): T4 x T x C = C

where B(-,-) comes from the Bergman kernel expansion, ¢ is the Kéhler potential and y is
a smooth cut-off function. Then we let p = (Re (w),Im (w)) € R*, and define

(92>R(pvx7?j) = gg<w(p>,l‘,g>2 Rid X Ci X CZ — C

and finally let go be the almost analytic extension of (gs)r in the p variable.

By the support property of almost analytic extensions, we can choose an € > 0 such that
g2(@,y,p(x. 7, 2)) = 01if |p(z,7,2)| > e.

Also observe that when taking derivatives of h with respect to z, everything is uniformly
bounded in N, except when derivatives fall on f (p). Therefore by Proposition 3.2.7, for any
a € N* and j € Zso:

(05 2.5/ (@, 0] Sag N7 mg (Re (5(x, 7)), (3.3.22)

with mg defined in (3.3.12).

Summary of step 5. In this step we applied the saddle-point method to obtain an asymp-
totic expansion of the Schwartz kernel of Ty f. To show that this asymptotic expansion
makes sense (f;’s belong to appropriate symbol classes and the remainder is controlled) we
have to compute derivatives of the terms in the expansion. These terms are almost analytic
extensions of functions whose derivatives are unbounded in N. However, we can see that
they are bounded by powers of N times the order function evaluated at the critical point
of the phase, p(z,y). We must now estimate p(z,y) (this will also be used in estimating
exp(NU(p(x, 7). 7. 7).

Step 6: Estimate critical value of phase

Recall that for each z,y € C¢ near 0, p(z, ) is the unique p € C?? such that

ap\ij(pa 1'7 g) = 0

where 0, is the holomorphic derivative in the p variable, and U(p, x,7) is an almost analytic
extension of ¥(p, z,y) (defined in (3.3.8)) in the p variable.
The goal is to show that p(x,y) is

S+ y),—ile ) + Oz — 31, (3.8.23)
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This would follow immediately, with no error, if we considered real-analytic Kahler potentials
. We will show that p(x,y) is almost analytic off of y = Z, and coincides with %((x +
y), —i(x —y)) on y = Z. By uniqueness of almost analytic extensions (modulo appropriate
error), this will imply that p(x,y) is (3.3.23).

Lemma 3.3.5. If |z — y| is sufficiently small, there exists a constant C' > 0 such that:
P1(2, 9) + ib2(x, ) — x| < Clz -y,
where p = (py,Pa) € C4 x C4.

Proof. By Taylor expansion, it suffices to show that p(z,z) = (Re(z),Im(z)). Before
extension, 0,V (p1, p2,7,Z) = 0 has the unique solution p; = Re (x),ps = Im (z). Observe
that for any & € C§°(R;C) with an almost analytic extension k, and any z, € C with
Im (ZO) = O,

(0:k)(20) = (Ore(=) k) (20) = (9K)(Re (20))

by Theorem 3.2.6. 3
Applying this observation to ¥ and letting p; be the extension of p; from R? to C¢, we
see that

%aﬁlﬁl(Re (), Im (z),2,z) = 8Re(ﬁ1)\il(Re (x),Im (z),z,7)

= 0, U(Re (z),Im (2),2,%) = 0
and similarly for d;,. Because p is unique, the claim is proven. O

Lemma 3.3.6. If |z — y| is sufficiently small, then

Oup(w,y) = O(lx = y|>) and Oyp(,y) = O(|lz = y|™).

Before proving Lemma 3.3.6, we give some brief remarks. Proving this lemma is relatively
confusing partially due to non-optimal notation (however we try to present a proof as clearly
as possible). The difficulty is that we require 0 estimate of an almost analytic extension of
a function that has been almost analytically extended.

The core of the proof is to show that various 0 estimates of ¥ rapidly decay as |z — g
goes to zero. Recall the construction of ¥. We began with ¢ (the Kéhler potential), then we
almost analytically extended it to ¢ such that ¢ (z,z) = p(z), then we defined ¥(p,z,y) =
U(z,p) — o) + V(. §) — 3(¢(z) + ¢(y)), then we almost analytically extended this in the
p variable. See Figure 3.2 for a schematic diagram of these extensions.

One example to keep in mind is the Kahler manifold C with symplectic form w = ¢ dzAdz
with Kahler potential ¢(x) = |z|?. In this case ¥(z,7) = zy (which is unique), so that
U(p,z,y) = xp — |p|> + py — 5(|z[* + |y[*). The (unique) almost analytic extension of this
in the p variable is U(p,z,5) = x(p1 — ip2) — p? — p3 + (p1 + ip2)y — (|22 + |y[?) (where
p = (p1,p2) € C? x C9).
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U(p,z,7)
pERQd
U(p,z,7)
p=(Re(z) Im(x)) p=(Re(y),Im(y))
U(z, ) — 3(p(2) + ¢(y)) U(z,7) — 5(p(2) + ¢(y))
T=y =y
0

Figure 3.2: Diagram of the restrictions of W to totally real vector spaces. First, we have
U(p,x,) € C®(C2 x C4 x CJ) . This is almost analytic off of p € R*’, whose restriction to
peR*is U(p,z,y) € C(R2 x C¢ x C}). We can restrict ¥ to either p = (Re (z),Im (x))
or p = (Re(y),Im(y)) to get the same function as shown. When either of these functions
are restricted to z = y we get the zero function. Understanding various 9 estimates on W is
the core part of this step of the proof.

The key properties of ¥ to use is that U(p, z,7) = ¥(p, z,7) when p € R*® and (z, T) =
o(z) (ie the extensions agree on certain totally real vector spaces). By Taylor expanding
from these totally real vector spaces, we prove Lemma 3.3.6.

Proof. Recall the chain rule for holomorphic differentiation:

9:(f(9(2)) = (0-)(9(2)) - (0:9)(2) + (0 f)(9(2)) - (9:9)(2)

for arbitrary f,g € C*(C). o
We can use this when computing 9,0,V in conjunction with the implicit function theo-
rem, to see that

0., (. 9) = —(00,0) " (D, 0,9) + (B,0,9)0., 5, ) (3.3.24)

where all derivatives of U are evaluated at (j(z,y),z,y). _The inverted term is uniformly
bounded for x,y close to zero. We now claim the following 0¥ estimates at (01, s, x,y) for
w1, Wy € Cc4:

9,9 = O((|Im (1)| + [Im (@2)| + | — Re (1) — iRe (@2)])™), (3.3.25)
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Here we prove (3.3.25). Before extension, the only term in ¥ depending on z is ¢(z, )
(recall ¢ is an almost analytic extension of ¢ — the Kéhler potential satisfying i00p = w). In
real coordinates, this is ¢(z1, T2, W, — wsy). An almost analytic extension in the w variable
can be written 1/1(:61,:52,101, Wy) : (C4d — C. To compute 9,0, we Taylor expand about
(21,22, Re (1), —Re (w9)) with K € N terms, so 8xzp(x1, Lo, W1, Wy) 1S

1 . 6g17w2@/~)(x1,m2,Re (U~11) 7_PL€ (UNJQ))
5(8131 + Zaxz) Z

la|<K

] (¢Im (wy) ,ilm (09))"

+RK($17$2,@1,@2)> .

The 0, operator can be commuted with the Oy w, OPerator by Proposition 3.2.6. At
(21,2, Re (1), Re (103)), ¥ = 1, and the O estimates can be made uniform with respect
to differentiation of w;. Recalling how ¢ is an almost analytic extension of ¢ provides the

estimate: (0, + 10,,)(x1, T2, Y1, y2) = O(|(z1 +ix2) — (11 — 1y2)|*), so that for each a:

(9 (9“ 'lb(l‘h T, Re (1):}1) 5 —Re (1212))(21111 (12}1) ,ZIIIl (’(Dz))a

w1, W2

= [Im (@)|'*! @(|z — Re (@) — iRe (2)|™)

while 9, Ry = ¢(|Im (w))|* ™). This proves (3.3.25) and the others follow similarly.
Because Im (p(z, %)) = 0, by Taylor expansion: |Im (3(z,y))]> < Clz — g|* for some
C > 0. By Lemma 3.3.5, |z — Re (p1(v,y)) — iRe (Pa(z,y)) | < Clz — y|. Using this, and
the estimate of 9, ¥, we see that 0 \If( (z,y),z,y) = O(]r — y|*>°). This is true for all terms
on the right side of (3.3.24), so that ékcp(x y) = O(]z — y|*). By an identical argument,

dyp(z,y) = O(|z — g|™). O
Lemma 3.3.7. For |x — y| sufficiently small

i) = (o0 550 =) + 0o = 51

Proof. From Lemma 3.3.6, we have that p is almost analytic off the diagonal y = . The
function (z,y) — (27'(z +y), (2¢)"'(z — y)) is holomorphic and agrees with p on y = Z.
Therefore by uniqueness (modulo &'(|x—¢|*) error) of almost analytic extensions, the lemma
follows. O

Summary of step 6. In this step we provided an estimate of p(z,y), the critical point
of the phase \if(p, z,y). We will now use this to provide derivative estimates of the terms
coming from the stationary phase expansion in (3.3.22).

Step 7: Prove symbol estimates of stationary phase terms
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A simple computation shows that from Lemma 3.3.7,

Re (5(z. ), + iRe (3(z,9)); = 5 (x +7) + Oz — g1), (33.26)

where for a,b € C¢, ¢ = (a,b) € C*, we write ¢; = a and ¢, = b.
Then, recalling the definition of mg from (3.3.12) and using (3.3.26), we get that

mz(Re (5(x, 7)) = m (1@: L)+ O y|“>)

2 (3.3.27)
< m(z)(1+ Nla —y|)*.
Applying (3.3.27) to the derivative estimate of f; in (3.3.22), we get that
fi(z,9) € N®1Ss(mg(p(z,9))) € N2 Ss(m(x)(1+ N°|jx — y|)*0). (3.3.28)

We similarly have that |py(z,9) + ip2(x,y) — y| < Clz — y| (for someC > 0), so that
filw,5) € N*S5(m(y)(1 + N°[a —y|)*).

The support of these f;’s are contained in a strip along the diagonal, shrinking with
respect to N. Indeed, because p(z,7,0) = p(z,y) = 27z +7), (2) (z—9))+ O(|x —y|*™)
we get that |Im (p(z,7,0))| < |z —y|. Then observe that in (3.3.21), the term f(p) is
included, which by Proposition 3.2.7, is supported where |Im (p)| < N~°. Therefore, there
exists C' > 0 such that

supp f;(z,9) C {|lx —y| < CN°}. (3.3.29)
But now we can apply (3.3.29) to (3.3.28) to see that:
fi(z,§) € N*7 (S5(m(x)) N Ss(m(y))) .-

The remainder can be bounded similarly. For each o € N*¢

‘(8:?,j,y,gRJ)(xvg)| Sa,J Z Sup’(ag,i,y,yazﬂh)(xaga )|
Bl=27 *

Sad N2J0 ledd sup mg(Re (p(z, 7, 2))).
z€supp h(z,7,")

Now g, (defined in (3.3.21)) is only supported where |p| < € so there exists C' > 0 such that

sup  mz(Re (p(x, 7, 2))) < Cmin(m(x),m(y))(1+ N°e)™,

z€supp h(I,’g,)

therefore

Ry(x,5) € N*7H0M0(S5(m(x)) N S5(m(y)))-
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We can bootstrap this to prove the better remainder bound stated in the Theorem. For any
J € Z~q, we rewrite the sum and remainder in (3.3.19) as

J—1 J—1

DN S g+ N DN fi(ag) + N Ry (2, 9) (3.3.30)

j=0 j=J

where Z 3 J > J + (6Mp)(1 —26)~". This choice of .J ensures that N’=/ R ;(z,y) belongs to
NI (Ss(m(z)) N Ss(m(y))). Tt is also clear that for each j=dJ...,J=1, NI fi(z 7)€
N7 (Ss(m(z))NSs(m(y))). We can therefore define the terms multlphed by N~ in (3.3.30)
as the remainder term R;(x, %) stated in the Theorem.

Summary of step 7. We showed in step 5 that derivatives of terms in the stationary
phase expansion in (3.3.19) are bounded in terms of the order function of f evaluated at the
critical point of the almost analytically extended phase, p(z,y) (see (3.3.22)). From step 6,
we estimated p(z,y) (Lemma 3.3.7) to provide more explicit symbol estimates for f;’s, and
the remainder terms, in the stationary phase expansion. We now have a local expansion of
the Schwartz kernel of the Toeplitz operator T f. To prove symbolic calculus results, we
need to show this expansion is unique (modulo appropriate error) and that the principal
term is the principal part of f.

Step 8: Prove stationary phase terms are almost analytic off the diagonal

Lemma 3.3.8. We may choose an almost analytic extension of U such that ¥(p(t),t)) =

Y(x,7) — 27 (p(x) + ©(y)).

Proof. Because the Toeplitz quantization of the identity is the Bergman kernel, the phase
can be recovered up to an appropriate error. Recall that [BBS08] showed:

e*%(“"("”)*w(y))TN,l(:c,g) ~ eNW@H)—5(e(@)+e(y ( ) ZN

This must agree, up to &(N~°) error, with (3.3.19). It is therefore possible to choose U
such that W(p(t),t) = (z,7) — 27 (e(x) + ¢(y)). O

Lemma 3.3.9. All the f;(x,y)’s are almost analytic off of y = .

Proof. When computing (9,.,A%)h(z,7,0), observe the following properties of the functions
making up h in (3.3.21):

1. When 9, falls on f, we get (0,f)(0.p) + (8,f)(9.p). The first term is controlled by
almost analyticity of p off of y = 7 while the second term is controlled by almost
analyticity of f off of p € R??.
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2. When 0, falls on §o, we get (01G2) + (93G2)(0.5) + (0372)(0p) where 9; and J; are the
holomorphic and anti-holomorphic derivatives of the i*® argument of g respectively.
The first term is controlled by almost analyticity of B(x,w) off of w = x, the second
term is controlled by almost analyticity of p off of y = Z, and the third term is controlled
by almost analyticity off both totally real manifolds.

3. When 0, falls on the determinant, we get control by the almost analyticity of j off of
=Z.

Therefore
Defj(w,y) = NOUTHO) G (|2 — y|N?)>). (3.3.31)
]

Note that in this expansion, only knowledge of the kernel along the diagonal is required.
Indeed, if f; and g; agree along y = x, and obey (3.3.31), then by the Gaussian behavior of
the phase:

N\? ; .
(55) e SN o) — gyl ) = 2O,
™

Summary of step 8. Here we show the terms coming from the stationary phase expansion
are almost analytic off the totally real vector space x = y which provides a unique expansion
(modulo appropriate error). The final step of the proof is to compute the first term along
the diagonal, and prove the global statement.
Step 9: Zeroth order term and global statement

Examining (3.3.20) and the subsequent equations, along the diagonal

gz, 7, 2)
0z

fo(z, ) = f(z)B(z,z)B(z, z) det(00p(z)) det ( .
This can all be explicitly computed. But note that nothing, except f, on the right-hand side
depends on f. And if f = 1, then T ; = IIy. By [BBS08], the leading order term of Iy
is 1, therefore, we know that everything on the right-hand side of order N, except f, must
be 1. Therefore fo(z,2) = f(x) + O(N-172Dm(z)). In the appendix, the second term is
computed.

We now have proven existence of f; locally, in a ball of radius €, around any point z € X.

Because each f; is unique along the diagonal, we can patch together fis to construct a global
f; defined near the diagonal. O]
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3.3.2 Composition of Toeplitz operators

Suppose that f € Ss(my) and g € Ss(ms) for two d-order functions m; and my and 0 €
[0,1/2). Roughly, this section constructs a function h € Ss(mims) such that Ty o Ty, =
Tn . This h will be written as a star product: h = f«g following the now standard notation
first introduced in [Bay+78]. We first formally construct f x g.

By Theorem 3.3.1, there exist functions f; and g; for j € Z>, such that

N

d 00
Ty g (x,5) ~ <%> NVEINN TN fi(x, ),
=0

N\* I
Ty (2, ) ~ (_) VD S Nig (2, 9)

27 :
Jj=0

in local coordinates.

Define the operators C; : C*(X;C) — C=(X x X;C) by C;(f) = B~ (x,9)f;(x, 7).
Recall that B = 1+ N7'b; + --- is the amplitude of the Bergman kernel. Note that B is
bounded below for N sufficiently large. Explicitly, for x,y contained in a sufficiently small
neighborhood U, C; are such that

N

(g) / N5 B ) Blw, §) f(w) du(w)

is asymptotically

(%) NI B(r,5) Y NI (). 5).

where
Dy 5(w) = P(z, ) — p(w) + Y(w, ).

By (3.3.20), C; are differential operators of order at most 2j. Using these C;, we can
formally construct f xg € Ss(myms) such that Ty fog = T, p 0 Ty + O(N—).
To achieve this, we again restrict ourselves to (z,y) near (xo, o). In a neighborhood U
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of zo, (Ty.f o Tng)(x,y) is formally

/ T s (2, @) T g(w, e dp(w)
U

N<%)”A3@wwmwwWww<gﬁv%umaw)

(Zc I, @)Cilo] o, Omm
N(%) NV@D Bz, 5 JZON Iki(x, )
where for each j € Zx:
ki(r, ) = ZACd > Oa[f](xw)Cb[g](n?J)] (,9). (3.3.32)

Now suppose that h ~ Y N77h; is such that the terms in Ty ;,’s asymptotic expansion match
(3.3.32). Expanding T asymptotically, we see that

Tz, ) ~ (%)d B(z,j ZN 73" Calh (3.3.33)

ct+d=j

We simply match the coefficients of N7 of (3.3.33) with (3.3.32) to get the relation

Z Cd[hc]('xvg) = Z C(d

ct+d=j ct+d=j

> Calfl(@,)Colgl(- 17)] (7). (3.3.34)

a+b=c

Recall that Cy[f(-)](z,Z) = f(x), therefore letting y = x and rearranging (3.3.34) gives us:

= Z C1d Z Ca[f](xv)cb[g](ax>] (CL’,ZE) - ch[hj—d](xvj)7 (3335)

ct+d=j a+b=c

which inductively gives the functions h;, which is sufficient as ho(z) = f(x)g(x). This
provides us with the following Lemma.
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Lemma 3.3.10 (Derivative estimates of (f x g);). There exist linear bi-differential operators
€; of order at most 2j such that h;(x) = €;[f, g](x) agrees with h; written in (3.3.35).

Proof. This follows by induction on 5. When 7 = 0, hy = fg and so %, is a zero order
operator. Next assume this is true for j — 1 and apply (3.3.35). The first summation
n (3.3.35) involves derivatives of order 2j, and by the induction hypothesis, the second
summation involves derivatives of order 2j. O

To construct h via Borel’s Theorem (Proposition 3.2.5) we need to show that for each j,
hj € N%3S5(mymsy). This follows immediately by Lemma 3.3.10, as

hy(x) = €lf, gl(x) € N*°Ss(mymsy).

Theorem 3.3.11 (Composition estimate). For 6 € [0,1/2), suppose my and my are two
d-order functions on X (a quantizable Kdhler manifold), f € Ss(my) and g € Ss(mz). Then
there exists (f x g) € Ss(mymy) (constructed via (3.3.35)) such that

|1 729) = Tivg 0 TN’QHLQ(X,LN)—M?(X,LN) =O(N™™).

Proof. Let h = f % g (constructed asymptotically via (3.3.35) and Proposition 3.2.5) and let
K(z,y) be the Schwartz Kernel of Ty, — Ty s o Ty 4. By the Schur test:

2
||TNh - TNf o TNQHL?(XLN)*)L?(XLN)

< (su0 [ IR G e ) (s [ 1K G o)),

By Theorem 3.3.1 and (3.3.2), we can approximate the Schwartz kernels of T ; and Ty,
with J + 1 terms. That is, we may write

N\* ¥ ol s
Tns(z,79) = (2 ) N (x.9) ZN fj ,7) +§2(¢( )“’(y))ﬁ(]\f Jml(m))j
N ::R;;(x,y)

— -~

=Cq
=Fy (I7y)

where J = (J+1)(1 —20) —d. Define G; and R, ; similarly as an approximation of the
kernel of Tl 4. Then locally:

Tnygolng(x,y) =1 + I + I,
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where

o

= cd/ (er(x’w)FJ(a:,w)RgJ(w,y)
U
+eNNG (0, y) Ry, g (2, w)) e N dpi(w),

Iy = / @) g <N*2jm1(x)m2(x)) dp(w).
X

Here U C X is a coordinate patch containing x and y which we assume exists, otherwise
(by the same reasoning as in the proof of Theorem 3.3.1), Ty (z, §) will be exp(5 (¢(z) +
©(y))O(N~°°) which is bounded by a constant times the I3 term. Moreover, by the same
reasoning, we can just integrate over U, as the integral over X \ U will similarly be negligible.

I is e2 (@) +e) g (N_ijl(:c)mg(:c)). Using (3.2.8), I is bounded in absolute value
by:

N A= T+5M0 X (@) (1)) /

(6_N0|x_w|2 |FJ(:U, 'lI))| + e_Nclw_y|2 |Gj(w7 g)|> d:u(w)
U

< N o5 (@) +e(y)) Nr2Mod
for some positive constant ¢ > 0. Here we used that m; and msy are bounded by a constant

times oMo,
We now estimate ; using the formal computation of h; from (3.3.35). We see that

2]
I = ey Z N7 (fxg)(z,9) + e%(”(x)ﬂ’(y))ﬁ(N_QJml(:v)mg(:v)).

=0
Because h — Z?io N77h; € N~@HDA=2) G5 (1mmy), we see that

2J
Tyn(z,g) = cae™? DY " NIy (2,7)

j=0
+ e C@He) g N=@IADA=20+dp, () (1))
2J
= g™ TN NI (f % g);(x,9)
j=0

+ o2 (PEHeW) o N—RIADO=20) 4y () (1))

= I, + 2 @) (N2, (2)ma())
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for sufficiently large J. Putting these estimates together, we get
K(l‘7y) - TN,(f*g) - (Il + IQ + ]3)
— o3 (P@)+e) (@’(N_Q‘V]ml(x)m2(x))
+ ﬁ’(Nd+2M°5_j> +0 <N‘§jm1(:v)m2(:v)> )

e (P@)+el) g ( N2M05+d—‘7).

We therefore get that

sup / K (2, )]e 7 @@+0) du(y) = (N,
X

zeX

sup / K (2, )¢ 7 @420 du(z) = O(N)
X

yeX

as J can be made arbitrarily large. O]

3.4 Applications of the exotic calculus

This symbol calculus allows us to get a parametrix construction, a functional calculus, and
a trace formula.

3.4.1 Parametrix construction

We begin by proving a parametrix construction of Toeplitz operators associated to symbols
in Ss(m) which are elliptic with respect to m. This follows the usual parametrix construction
for psuedo-differential operators (see for instance [GS94, Theorem 4.1]).

Theorem 3.4.1 (Parametrix construction). Suppose 6 € [0,1/2), m > 1 is a §-order func-
tion on X (a quantizable Kdhler manifold), and f € Ss(m) is such that there exists C' > 0
and z € C such that

|[f(z) = 2| > Cm(z)
for all x € X. Then there exists g € Ss(m™") such that
TN,ffz o TN,g =1+ ﬁ(Nfoo% TN,g 9] TN,ffz =1+ ﬁ(NﬁOO),

and the principal symbol of g is (fo — 2)~* + ﬁ’(N_(l_%)m) where fo is the principal symbol
of f.
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Proof. Define sy(x) = (fo(z) — 2)7! so that |s(z)] < Cm(z). For each a € N?* locally
Oy zs1(z) can be estimated by the Faa di Bruno formula:

0y z51(7) = Z W H axz fo(x)),

w€lly BeET

where I1, is the set of partitions on the set (1,2,...,|al]), 5 € 7 runs through the blocks in
the partition 7, and ¢, is the constant from repeatedly differentiating z—!. For each 7, note
that |5| = |r| < |a] for 8 € 7 so that:

))lrl+1 H (2= fo(2))| S (m(x))f'”'*lN"fl‘;(m(x))lwl

BET

(z - fo
< (m(z)) LN,

~Y

We therefore have that s; € Ss(m™'). Next, using Theorem 3.3.11, let s, € S5(1) be such
that Ty s .0 Tns = 1 — N"U=20Ty o + O(N~>). Then define s3 ~ > e N—(1=20) 55
where:

y
Sy! = Sy ke Kk So.
———

j terms

By repeatedly applying Theorem 3.3.11, s5’ € Ss(1) for all j € Zsg so that s3 € Ss(1).
Lastly, define g := s; x s3 € Ss(m™!). We can check that

TNz 0TNg =TN 20 TN sixsy = INf—2 0 TNg 0 TNy + O(N™)
= (1= N7y Yo Ty, + O(N~™).

So that for each J € N, we have

TrngsoTng=(1—-N 0Ty )0 (ZN (=289 >+@’( ~(1-20)(J+1))

= 1+ G(N-(1-200+D)y,

Therefore T y—, 0 Tng = 1 + O(N~>°) so that g is a right-parametrix for f — z. We can
similarly construct g, as a left-parametrix for f — 2. But note that

Tng =Tng o(Injz0Tng+ ON ) =Tng+ ON™).

Therefore g is also a left-parametrix for f — z. Lastly, the principal symbol of g (modulo
O(N~(1729)) error, is just the product of the principal terms of s; and s3, which is just the
principal term of sy, which is (fy — 2)71. O
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3.4.2 Functional calculus

Here we present functional calculus of Toeplitz operators using the Helffer—Sjostrand formula.
For symbols bounded uniformly in N, this result is proven in [Cha03, Proposition 12]. Our
proof is adapted from results on functional calculus of pseudo-differential operators with
symbols in similarly defined symbol classes presented by Dimassi and Sjostrand in [DS99,
Chapter 8§].

Theorem 3.4.2 (Functional calculus). Suppose that 6 € [0,1/2), m is a d-order function
on X (a quantizable Kihler manifold) such that m > 1, and f € Ss(m) is such that

1. f(z) € Ryq forallx € X,
2. there exists Co > 0 such that | f(z)| > Cy 'm(x) — Cp.

Then for any x € C3°(R; C), there exists g € Ss(m™') such that
X(T,p) = Tng + O(N™),

and the principal symbol of g is x(fo) + O(N~1729) where fy is the principal symbol of f.

Proof. Let ¥ be an almost analytic extension of x such that 9,x(z) = €(|Im (2)|*°). Because
f is real-valued, [Lel'18, Lemma 5.1.3] can be immediately adapted to S5(m) to see that Ty ¢
is self-adjoint. By the Helffer-Sjostrand formula

W) = = [ B3 =T dm(a)

(see for instance [DS99, Theorem 8.1]). For Im (z) # 0 we aim to construct an approximate
inverse of z — Ty ; using the parametrix construction stated in Theorem 3.4.1. But first a
technical bound must be proven.

Lemma 3.4.3. If s1(z,7) = (2 — fo(x))™", with z € supp(x(2)) and Im (2) # 0, then for all
o € N#

05 551(z )| S [Tm (2)| 77 NP () . (3.4.1)

Proof. First we prove a lower bound of |f(z) + z|. Write z = 23 4+ ize. Let C7 > 0 be
sufficiently large so that for |z; — 1| > C4 then x(2) = 0. Let Cy = Cy — 1 + C} (possibly
increasing C so that Cy > 1). We may assume that |ze| < C5 on the support of x for some
Cs > 1. Then rearranging f(z) > m(x)Cy ' — Cy, we see that
m(x
% <flr)+1-Ci+Co<|f(zx)+ 1| — |21 — 1|+ Cs
0
CyC5 205,05

< |f($) + 21| + O <
|22 |22]

(If (@) + 21 + |22]) <

(If () + 21 + iza).
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Therefore:

|f(x) + 2| > [T (2)| ().

1
CoCyC5

We can then apply the Faa di Bruno formula in the same way as in the proof of Theorem
3.4.1 to get that for all @ € N2¢

Opz51(2, ) S [Im (Z)|—1—|a| (m(:z;))le‘o"é
which proves (3.4.1). -

We therefore have that s; € Ss(m™!), but with bounds depending on |Im (z)|. We can
now apply Theorem 3.4.1 to construct so(z,x) € Ss(m™!) such that

TN,sz o TN752 + ﬁ(N_OO) = TN782 O TN,sz -+ ﬁ(N_OO) =1.
It can also be shown that for all o € N?¢,
102 22z, )| S [T (2)] 71T NI ()7

For any J € N, we can approximate s by a finite sum of elements of Ss(m™!) (denoted
by s3) such that

TN,Z—f ¢] TN783 =1 + ﬁ(N_J)
For such a symbol s3, for any o € N*¢_ there exists C' = C(J,«) > 0 such that:
108 zs5(2,2)| < [Tm ()7 (m(x)) . (3.4.2)

Therefore:

™

1 [~
()= = [ B)salz ) dim(z)
c
exists for all z because 9,¥ = O(|Im (2)|*). By differentiating s4, applying (3.4.2), and

using 0,¥ = O(|Im (2)|*), we also see that s, € S;(m™!). We finally check that Ty ,, is an
approximation of x(T,s). Suppose u € H(X, L"), then for € X

T i@ =1y (= [ Bottelsste.autr) amz) )
_ _71 /(C B5(2) I lss (2, 2)u(x)] dm(2)

~ (3 [ an) )
— (T [ - Tap) 4 o0 ) ) )

(e
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Therefore Ty 5, = x(Tn.f) + O(N~7). Since J was arbitrary, by Borel’s theorem, there exists
g € Ss(m™1) such that

X(Tnys) =Tng+ O(N™>).

The principal symbol can be easily computed. Unraveling the above, the principal symbol
of s3is (z — fo(x))™}, so that the principal symbol of g is:

L B3)( — folw) " dmiz) = x(f)

T Jc
by the Cauchy integral formula. O]
This can be generalized for Toeplitz operators with a negligible term.

Theorem 3.4.4. Suppose 0, m, f satisfy the hypotheses of Theorem 5.4.2, and { Ry} yey 05 @
family of linear operators mapping H*(X, LN) — HO(X, LY) such that | Ry|| = O(N~°) and
Txf + Ry are self-adjoint for all N. Then for any x € C5°(R;C), there exists g € Ss(m™")
such that:

X(Tvg+ By) =T g+ O(N™%)
and the principal symbol of g is x(fo) + O(N~129) where fy is the principal symbol of f.

Proof. Let x be an almost analytic extension of y, so that
1 (- _ B
X(Txs+ By) = — / 7.9(2)(2 = Ty — Ry) " dm(z).
C
But note that

(z—Tng) ' = (2=Tns—Rn) ' =(2=Tn;) 'Rn(z —Tny— Ry)™'. (3.4.3)

Both (z—Tn )~ ! and (2 — Ty s — Ry) ™' have operator norm controlled by N to some finite
power, so that the right-hand side of (3.4.3) is (N ~>°). Therefore:

T+ Ry = = [ D)= Tog) ™ dm(e) + (V)

and we just follow the rest of the proof of Theorem 3.4.2. m

3.4.3 Trace formula

A critical result required in proving a probabilistic Weyl law for Toeplitz operators in [O1t23]
is a trace formula. Fortunately, this is straightforward to compute by the explicit kernel
expansion described in Theorem 3.3.1.
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Theorem 3.4.5 (Trace formula). For § € [0,1/2), suppose m is a d-order function on X (a
quantizable Kdhler manifold). Then if f € Ss(m),

Tr(Ty ) = ( )/fo ) dp(z (/m ) dp(z )ﬁ(Nd (1=29)y (3.4.4)

Proof. By [LeF18, Proposition 6.3.4] and Theorem 3.3.1 (specifically (3.3.2) with J = 1),
Tr(Ty.f) = / Ty s(x,z)e V@ dpu(z)
X
N\ ¢
= (—) / (folz, ) + ﬁ(N_(l_Qé)m(az))) dp(x).
21 X

By Theorem 3.3.1, fo(z, %) is fo(z) + O(N-1"2)m(z)) and so (3.4.4) follows. O
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Chapter 4

Proof of Probabilistic Weyl Law

4.1 Setup of main result

In this chapter, we use a slightly different notation. We let (X, o) be a compact, connected,
d—dimensional Kéhler manifold with a holomorphic line bundle L with positively curved
Hermitian metric locally given by h = e~%. That is over each fiber x € X and v € L,,
[v]l,, = e ?@v]. Given this, the globally defined symplectic form, o, is related to the
Hermitian metric by i00¢ = o. Fixing local trivializations, ¢ can be described as a strictly
plurisubharmonic smooth real-valued function (called the Kéhler potential).

Let L™ be the Nth tensor power of L, which has Hermitian metric hy = e V%. Let
pqg = 0®/d! be the Liouville volume form on X. This provides an L? structure on sections
of LY. Indeed, if u and v are smooth sections on L", then define

(o) = [ ol )

Define L?(X, L") as the completion of the smooth sections of L with respect to this metric.
In this L? space, let H°(X, L") be the space of holomorphic sections. By the Hirzebruch—
Riemann-Roch Theorem (see for instance [Laz17, Theorem 1.1.24]) we have the following.

Proposition 4.1.1. The dimension of H*(X, LY) is finite, and is asymptotically

(%)dvol(X) + O(N).

For the remainder of this chapter, denote dim(H°(X, LY)) by 4" = A4'(N). The orthog-
onal projection from L?(X, LV) to H°(X, L) is called the Bergman projector and is denoted
by IIy. Finally, given f € C°(X;C), the Toeplitz operators associated to f, written T f,
are defined for each N € N as T f(u) = Iln(fu), where u € H°(X, LY). In this way, Ty f
are finite rank operators mapping H°(X, L") to itself. For the remainder of this chapter,
we will fix a basis for H°(X, L") so that T f (and similar operators) can be considered as
matrices.
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The class of functions to quantize will often depend on N. To define this symbol class
requires local control of functions. Fix a finite atlas of neighborhoods (U;, (;)ic.» for the
Kaéahler manifold X.

Definition 4.1.2 (S(1)). S(1) is the set of all smooth functions f on X taking complex
values which can be written asymptotically f ~ Y, N7 f;, where f; € C*(X;C) do not
depend on N. This tilde means that for all « € N

M

7 (f oGi(z) =Y N0 Ci(x)) = 0o (N77)

=0

for alli € #, and all o« € N%. By Borel’s theorem, given any f; € S(1) not depending on
N, there exists f € S(1) such that f ~ > N7 f;.

If f~> N7f; we call fythe principal symbol of f, which is unique modulo &(N™1).
We next add a random perturbation to these Toeplitz operators. For this we fix a
probability space (2, %, P).

Definition 4.1.3 (4,(N) and #,,(N)). For each N, let {e; : i =1,...,.4"} be an orthonor-
mal basis of HO(X, L"). Define:

N
G,(N) = aje;®e;: H(X,LV) - H(X, L")
ij=1
where oy, are independent identically distributed complex Gaussian random variables with
mean zero and variance 1.
Similarly define #,(N) = Z:?=1 & ke @ ej, with oy, independent identically distributed
copies of a complex random variable with mean zero and bounded second moment.

The w in the subscript of these objects is to emphasize that these objects are random.
That is for each w € Q@ and N € N, ¢,(N) is a finite rank operator. The majority of this
chapter describes perturbations by ¢,,(IN) (the Gaussian case), while a brief note at the end
concerns the more general perturbations by #,,(NV).

This chapter will prove almost sure weak convergence of the empirical distribution of
eigenvalues of randomly perturbed Toeplitz operators. The principal symbol of f must also
satisfy the property that there exists k € (0, 1] such that

pa{z € X |fo(w) — 2> < t}) = O (t%) (4.1.1)
as t — 0 uniformly for all z € C.

Theorem 4.1.4 (Main result). Given f € S(1) which satisfies (4.1.1) and 9,,, a family of
random operators on H°(X,LY), as defined in Definition J.1.5, then for each € > 0 there
exists B = p(e) € (0,1) and C > 0 such that if 6 = §(N) satisfies

Ce™ <§<C N> (4.1.2)
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then we have almost sure weak convergence of the empirical measures of Ty f + 09,,(N) to
vol(X) ™ (fo)«hta-

More precisely, if \; = X\i(N,w) are the (random) eigenvalues of T f + 0%,,(N), then for
all p € C§°(C)

,/VZso X s e U-m)a)

almost surely, where (fo)«pta s the push-forward of the volume form pg on X by fo.
Moreover, for each € > 0, the constant B(e) in (4.1.2) can be chosen at most strictly less
than

K : 1
o ez 2(r11)

{26% if e < _2(K1+1)

K+1
where k is defined in (4.1.1).

We expect Theorem 4.1.4 to hold for a much larger class of random perturbations than
described in Definition 4.1.3. Indeed, the only properties of ¥, we use is a norm bound
(Lemma 4.2.6) and an anti-concentration bound (Proposition 4.3.7). See [VZ21] where Vo-
gel and Zeitouni establish similar logarithmic determinant estimates with these classes of
random perturbations, and [BPZ20, Remark 1.3] where Basak, Paquette, and Zeitouni de-
scribe random perturbations satisfying these properties.

Here we present a version of Theorem 4.1.4 for the more general random perturbations
#.,(N) as described in Definition 4.1.3.

Theorem 4.1.5 (General perturbations). For #,,(N) defined in Definition 4.1.3, f € S(1)
satisfying (4.1.1), 6 = N~ then the empirical measures of Tn f + 6#.,(N) converge almost
surely to (vol(X)) ™' (fo)sta-

A proof of this result is presented in §4.6.

Remark 4.1.1. We expect a wider range of 6’s and more general random perturbations in
Theorem /.1.5 should lead to the same conclusion.

4.2 Probabilistic preliminaries

This chapter uses the probabilistic machinery of logarithmic potentials. A brief overview is
presented in this section.

Definition 4.2.1 (#(C )) Let Z(C) be the collection of probability measures p on C such
that [log(1+ |z|) du(z) <
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Deﬁnition 4.2.2 (Logarithmic potential). For v € #(C), define the logarithmic potential
as: Uy(z) == [clog |z — w|dv(w).

Using the fact that log |z| is the fundamental solution of the Laplacian, it can be shown
that, in the sense of distributions, AU, = 27, which is the key ingredient in proving the
following theorem.

Proposition 4.2.3 (Convergence of random measures by logarithmic Potentials). ([SV21¢c,
Theorem 7.1])

Given {vny} C P(C) random measures such that almost surely suppvy C A for N > 1
(with A @ A € A" € C) and for almost all z € N': U, (2) — U,(2) almost surely for some
v e P(C) with suppv C A. Then almost surely vy — v weakly.

We wish to use Proposition 4.2.3 to prove almost sure weak convergence of the empirical
measures of Ty f + 04, (N).

Definition 4.2.4 (vy). Let oy be the spectrum of Ty f + 69,(N). Let

VNIC/Vilzg,\

AEoN

where 6 > 0 depends on N, and Oy is the Dirac distribution centered at \. The logarithmic
potentials for these random measures are

Zlog|z—)\| —log|det(TNf+5%() 2)|.
)\EO'N

Definition 4.2.5 (v). Let v = vol(X) ™ Y(fo)spta (recall uq is the volume measure on X )
which has logarithmic potential

U = f 1oglz ~ fole)] dpa(o).
X
Where £, fdpq is defined as vol(X)™" [ f dpg.
Claim 4.2.1. For all N, vy,v € Z(C).
Proof. For each N € N

/log(l + |z|) dvn(2) Z log(1+ |A])

)\EO’N

< maxlog(1 + |}])
AEOoN
<log(1+ [Ty f + 04.,(N)|) < o0
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And similarly,

@mummw:m@émwwmmmm>

<
< maxlog(1 + | f(2)[) < oc.

]

Let A be a neighborhood of f(X). Clearly suppv C A, the same is true with probability
1 for vy, for sufficiently large N. A standard random matrix lemma is required to show this.

Lemma 4.2.6 (Norm of Gaussian matrix). ([Tuol2, Ezercise 2.3.3]) There exists C > 0
such that

PG (N)| < CAM2) 21— exp(—A).

If an event has this lower bound of probability, it is said to occur with overwhelming proba-
bility.
For a fixed € > 0, we will choose 6 = §(V) such that
0<d=0(N 1), (4.2.1)

Lemma 4.2.7 (Borel-Cantelli). If A, are events such that Y °P(A,) < oo, then the prob-
ability that A, occurs infinitely often is 0.

Lemma 4.2.8 (Bound of Tx f). Given f € S(1), then || Tnf| v~ < sup|f]|.

Proof. This follows immediately by writing T f = IIy o My o IIy and recalling that Iy is
unitary. 0

Claim 4.2.2. Almost surely, suppvy C A for N > 1.

Proof. First note that [|Tnf + 04, (N)|| < [|Tnf|| + 6 ||9.(N)|| < sup f + A4 ¢ with over-
whelming probability (by Lemma 4.2.6, (4.2.1), and Lemma 4.2.8). Let oy be the spectrum
of Tnf + 0%,. In this event, for sufficiently large N, oy C A. So if A is the event that
on C A, then P(A%) > 1 — e . Therefore Y P(Ay) < oo and so by Lemma 4.2.7, almost
surely P(A%) =1 for N > 1.

[l

Now we recall the standard probability result guaranteeing almost sure convergence of
random variables.
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Lemma 4.2.9 (Almost sure convergence). If {Yn}ycoy and Y are random variables on a
probability space (2, P) and ey is a sequence of numbers converging to 0 such that

WE

P([Yy = Y| > en) < oo,

2
I

1
then Yn — Y almost surely.

Therefore vy and v satisfy the conditions of Proposition 4.2.3. So it suffices to show that
U,y (2) = U,(2) for almost all z in the bounded set containing A. To prove this almost sure
convergence, it suffices to apply Lemma 4.2.9 with Yy = A4 "!log |det(Tx f + 64, (N) — 2)|
and Y = flog|z — fo(x)| dua(z) for suitably chosen ey.

4.3 Setting up a Grushin problem

To control log |det(Tw f + 09, (N) — z)| we follow the now standard method of setting up a
Grushin problem. This approach was used in [Vog20] and [Hag06], and is comprehensively
reviewed in [SZ07].

Let P = Txf and sy = H°(X,LY). Define the z-dependent self-adjoint operators
Q= (P—2)"(P—2)and Q = (P — z)(P — z)*. These operators share the same eigenvalues
0 < < ... <t?. We can find an orthonormal basis of eigenvectors of @ for these
eigenvalues, denoted by e;, and similarly, and orthonormal basis of eigenvectors of @ denoted
by f;. These eigenvectors can be chosen such that

(P—Z)*fl :tiei, (P—Z)Gi :tifi, 1= 1,..., N
Next we fix p € (0,min(1/2,¢)), and define:
o= N"?, A=max{i€Z:t; <a}.

Definition 4.3.1 (£°). Let §; be the standard basis of C*, and define the operators R, (z) =
2’14 8 ®e;: Ay — CAand R_(2) = ZlA fi®6; : CA — Ay, where we use the notation
(u®v)(w) = (w,v)u. For each z € C and § > 0, define

Lemma 4.3.2. ([Vog20, §5.1]) If § = 0, then 2°, as defined in (4.3.1), is bijective with

nuerse

o (Thitaof  Thees \ _(E() B
’ (z)—( ifai@fi —thi@@di) - (EE(z) E9++(z)>' (4.3.2)
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To ease notation, the z in the argument for these operators will often be dropped. Unless
specified, all estimates are uniform in z.

Claim 4.3.1 (Invertibility of &2°). 929 is invertible if § ||4,(N)E°|| < 1.
Proof. By computation

54, (NYE® §4,(N)E"

§ 0 _ +\) —
96"—1—#( 0 0 )._1+K.

If |K|| < 1 (which is true given the hypothesis), then (I 4+ K)~! exists as a Neumann series,
and we get 2°&°(I + K)~! = I (a similar argument shows this is a left inverse as well). [

Lemma 4.3.3 (Norm of E°). In the notation of (4.3.2), |E°|| < a2,

Proof. By construction, EY = Z’Jf/lyﬂ(ti)’lei ® fi, so that ||E°|| = ||E°farsal| = (tarer) b <
a2, O

Lemma 4.3.4 (Norm of EY). In the notation of (4.3.2), ||[E%|| = 1.

Proof. By construction EY (z) = 211\4 e; ® 0; which has norm 1. O

These lemmas, along with Lemma 4.2.6, guarantee that if § = &(a'/2.4~1/2), then 9°
is invertible with overwhelming probability. Denote the inverse of £° by &° with the same
notation for its components as in (4.3.2).

Define P° = P + §9,,(N). By Schur’s complement formula, if P° — z is invertible,

6 _
det Pl =z By det(P° — z)det(—Ry(P° — 2)"'R_).
R, 0

Writing 2°£° = 1, we get that —R_ = (P° — 2)ES(F°,)~! and Ry ES = 1. Therefore
—R (P°—2)"'R_ = (E°,)7", so that
log | det(P° — 2)| = log | det 2°(2)| + log | det E° , (2)|. (4.3.3)

Note that P° — z is invertible if and only if £?, is invertible. Therefore (4.3.3) holds even
when P? — 2 is not invertible.

Therefore, to prove Theorem 4.1.4, it suffices to show summability of the probability of
the events:

oy = |(A) log | det P°| + log | det E°  (2)]) — ]i log |z — fo(x)| dp| > en

J/

~
=B
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We let ey = N7 for a suitably chosen v = v(d, k) > 0. Expand B = B; + By + B where:

By = A tlog|det 2°| — ][ log |z — fo(x)| du(z), (4.3.4)
X

By = A " log | det 22°| — log | det 2°)),
By =4 ""log|det E°_|.

Controlling B requires the most work as it requires utilizing the calculus of Toeplitz op-
erators. However, it is completely deterministic, and remains true for unperturbed operators.
Bs will be easily shown to be negligible. Proving a lower bound on Bj is the key ingredient
in proving Theorem 4.1.4, as it will force the events &y to sufficiently small probability.
Without a perturbation, Bs will have no lower bound.

Proving bounds on By and Bj closely follow [Vog20].

Lemma 4.3.5 (Bound on E_.). In the notation of (4.3.2), HE9+H < a.

Proof. By construction, E®, = — $4'4,8; ® d;, so |E2 || = [E%, (04)] = ta < Veu. O
Lemma 4.3.6 (Bound on E°). In the notation of (4.3.2), || E°|| < 2a7"/% with overwhelming
probability.

Proof. By the Neumann construction, ||E°|| = ||[E°(1 + 64, (N)E®)~*|| < 2| E°|| which is
bounded by 2a~1/2 by Lemma 4.3.3. O

Claim 4.3.2 (Bound on B,). In the notation of (4.3.5), By = O(6a~Y24Y2) with over-
whelming probability.

Proof. Using Jacobi’s formula, (logdet A) = Tr(A~*A’), we have that

5
WBgzlog|det95|—log|det@|:/ dilog|det97|d7'
o dr

5 5
d
= / Re (Tr(gT—WT)) dr = / Re (Tr(E"9Y,(N)))dr.
0 dr 0
Taking absolute values and using properties of trace norms

|log | det 2°| —log|det 2°|| <& sup | E7|| [4(N)],,
ref0.d (4.3.7)
< O PN |G (N)),

where we used Lemma 4.3.6, and Holder’s inequality for the Schatten norm. Recalling the
bound on ¥, (4.3.7) is €(6a~'/2_43/?) with overwhelming probability. O

The following theorem about singular values of randomly perturbed matrices is required
for proving a lower bound of B;. Given a matrix B, let s1(B) > s9(B) > -+ > sy(B) be its
singular values.
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Proposition 4.3.7. If B is an N x N complex matriz and 9,(N) is a random matriz with
independent identically distributed complex Gaussian entries of mean 0 and variance 1, then
there exists C' > 0 such that for all 6 > 0, t > 0:

P(sy(B + 09,(N)) < §t) < CNt2.

Proof. See [Vog20, Theorem 23], which is a complex version proven by Sankar, Spielmann,
and Teng in [SST06, Lemma 3.2]. O

Claim 4.3.3 (Bound on Bs). In the notation of (4.3.6), Bs obeys the probabilistic upper
bound

P(A log|det B | <0) >1—e ", (4.3.8)

for N > 1. And Bs obeys the probabilistic lower bound: there exists there exists C' > 0 such
that for all 6 > 0

P (A 'log|det B, | > AN log(t)) > 1 —CAHt —e .

Proof. First, by the Neumann series construction and choice of §, with overwhelming prob-
ability,

B < NP — B0+ B2, = B2 — (0B 6L + 22
< 2]|0%,(N)|| + a*/? < Ca'/?,
Ef+H < Ca'/? < 1for N > 1, and therefore log {det Ei+| < 0 proving

+

So, in this event,
(4.3.8).
For the lower bound, first note that

A
log ’det Ei+| = Zlogsj(Ei+) > Alogsa(E°.).
1

For a matrix B, let ¢;(B) be the smallest eigenvalue of VB*B, so ss(E°,) = t;(E°,).
Assume that P — z is invertible. Using that (E°_)™' = —R,(P — z) ' R_ and properties of
singular values of sums and products of trace class operators, we get

(t(E2)) " =s1((E2) ™) < si(Ro)si(Ry)si(P—2)7)
= R IR- [ s:((P = 2)7") = s1((P = 2)7")
= (1P —2)) " =su((P—2)7").
For § = O(4 ~1/2a1/?), this holds for B, (the event of a singular matrix has probability
zero and the singular values depend continuously on 6) so sa(E°,) = t;(E°.) > s 4 (P +
09,(N) — z) with overwhelming probability.
Using Proposition 4.3.7, in the event that ||4,(N)|| < C.4'/? (overwhelming probability)

and s 4 (P — 2z + 09,(N)) > 6t (probability at least 1 — C.4t?), we have that s4(E° ) > 6t
with probability greater than 1 — C.A4t> — e="". Therefore

log |det E° .| > Alogsa(E°) > Alog(dt)
with probability > 1 — e™" — C_At2. O



CHAPTER 4. PROOF OF PROBABILISTIC WEYL LAW 63

4.4 Bound on B;

This section is devoted to estimating B; (as in (4.3.4)) which involves computing the trace
of a function of a Toeplitz operator belonging to an exotic symbol class. This closely follows
[Vog20], however several simplifications arise partially due to requiring weaker bounds, and
several modifications are required as we are working with Toeplitz operators.

Claim 4.4.1 (Bound on By). For & defined in (4.3.1),
log | det 2°| = Nd][ log | fo(z) — z|? dp 4+ O(NIminCer1=20)) 160 ( N)).
X

Proof. Let’s first consider some preliminary reductions in computing log |[det £2°|. By Schur’s
complement formula, | det 2°|> = | det(P — z)|?|det E° |72, The first term is:

N
| det(P —2)]” = det Q = [ [ 7.
=1

Because E° | = — S 44,6, ® 6, (recall A is the largest integer such that t3 < a), the second
term 1s

N —2
|det B2 |7 = (Hﬁ) ,
i=1

therefore
N N
| det 2°* = H t2=a 4 H 1o(t?) = a ™ det 1,(Q)
i=A+1 i=1

where 1, = max(x,a). If x is a cut-off function identically 1 on [0, 1], and supported in
[—1/2,2], then = + (a/4)x(4z/a) < 1,(2) <z + ax(z/a) for > 0. Therefore

det (Q +47'ax (Q/(47"a))) < det(14(Q)) < det (Q + ax(Q/a)). (4.4.1)

Now fix 1 > ay > a, so that logdet(Q + ax(Q/a)) can be written

_ /‘“ %mg det(Q + tx(Q/t)) dt + log det(Q + a1 x(Q/a1)). (4.4.2)

First the integrand is estimated. Let 1(t) = (¢t — tx/(¢))(1 + x(¢)) ! so that

%log(x +ix(a/t) =t (a/t)
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for t > 0 and ¢ € C§°(Rxg). Therefore, by Jacobi’s identity,

logdet(Q + x(Q/1)) = Tt H(Q/1)).

While morally the same, here we diverge from [Vog20]’s proof to handle this trace term, and
must rely on chapter 3. The main issues are that () is the composition of Toeplitz operators,
which may no longer be a Toeplitz operator (but is modulo &(N~°) error), )/t belongs
to an exotic symbol class so to compute ¥(Q)/t) requires an exotic calculus, and the trace
formula (Theorem 3.4.5) has weaker remainder than for quantizations of tori.

Let p; be such that t = N=2t. By Theorem 3.3.11, Q = Tyq + O(N~>°), where the
principal symbol of ¢ is | fo — z|?. For each t, Q/t is (modulo &(N~>°)) a Toeplitz operator
with symbol in S, (m;) where m; = g9/t + 1, by Example 3.2.2. And so, by Theorem 3.4.2,
there exists ¢ € S,,(m; "), such that ¥(Q/t) = Tn(q;) + En(t). Where ¢ has principal
symbol ¢(q/t) and En(t) = O(N~>°) (with estimates uniform over t). Therefore

a1l

[ osden(@ s tx(@/ e = [T wiQ/)

_ / LT (T (qs) + Ex()) dt.
The error term is
/ LT (B (8))dt = 6(N—)

because Ey(t) is uniformly &'(N~>°). While for each ¢, Theorem 3.4.5 shows that

(o) = (25) [ blaost dpute) 4000

1

because m ™" is bounded. Therefore

/ UL g det(Q + ty(Q/1)) dt

dt
- [ ( / (%)dt—wqo/t) dpsal) + t%wd-l)) dt

_ (ﬁ) [ towtan -+ txtan/ )] dute) + 6V ),

27 t=a

Next the second term of (4.4.2) is computed. Because o is fixed, ()/a; has symbol in
S(1). Therefore, by Theorem 3.4.2, Q + a1x(Q/a1) = Tnr + Ey (with ||[Ex|| = O(N~%))
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where r € S(1) with principal symbol qo + a;1x(qo/a1). Let ' = tr+ (1 —t) € S(1), so that

1
d
log det(Q + a1 x(Q/a1)) = / o log det(Tnr" + tEy) dt
0

! _ d
= / Tr <(TNrt +tEy) ' (ETNTt + EN)) dt.
0

The principal symbol of r* is r} = t(qo + a1x(qo/1)) + (1 — t). Note that when = > 0, then
x+ apx(x/ar) > a; > 0. Therefore (1) > a .

Lemma 4.4.1. There exists s(t) € S(1) (with bounds uniform in t) such that (Tyr® +
tEN)"' = Tys(t) + O(N™°), and the principal symbol of s(t) is (r§)~ .

Proof. By Theorem 3.4.1, there exists a symbol ¢ = ¢(t) € S(1) which inverts (modulo
O(N~) error) Tyr', and has principal symbol (r§)~!. But then

(TNTt + tEN)TNg =1+ K

with K = O(N~°), using that tEy = O(N~*°) and Tv¢ has norm bounded independent of
N. By Neumann series, for N > 1, (1 + K) is invertible, so that:

(Tyr' +tEx)(Tn)(1 4+ K)™ = 1.

(Tnl)(1 4+ K)~! will be a Toeplitz operator, modulo a &¢(N~>°) term, with symbol ¢ which
has principal symbol (rf)~!. By repeating this argument, but left-composing by T/, we get
the lemma. O

Clearly 2Tnrt = T (r — 1) so using Lemma 4.4.1, we get that
dt

L (d
(Tnrt +tEy) " (aTNTt—I—EN)

is (modulo &(N~>°)) a Toeplitz operator with principal symbol (r§) ' (£Lrf). So by Theorem
3.4.5

Tr ((TNrt + tEN)f1 (%Tm‘t + EN))

= (Y [ o () o) + o057

which when integrated from ¢t = 0 to ¢ = 1 becomes:

(%)d /X log(r})dz + O(N*)

_ (%) | tostao + o)) dpt) + 0N,
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Therefore (4.4.2) becomes:

(%yz/xlog(% + ax(qo/a)) dug + O(N1a ).

A calculus lemma is required to estimate [, log(go + ax(qo/r)) dz.

Lemma 4.4.2. Given ¢ € C*(X;R>q) such that pg ({x € X : q(x) <t}) = O(t") ast — 0
for k € (0,1], and x € C§°((—1/2,2);[0,1]) identically 1 on [0,1]. Then

/X log(q + ax(q/)) dpa = /X log(q) dpg + O().

Proof. Let g(t) = log(t + ax(t/a)) and m(t) = uq({x € X : q¢(x) < t}). Then, letting ¢; =
max q + 2a,

/X log(q + arx(a/a)) — log(a) djay = /X 9(a(x)) = 9(0) dpug

q(x)
/ / ¢/(t) dt dpg
X JO
q1
/ g'(t) / dpa dt
0 q(x)>t

= [ el - miv)as
— vol(X)(g(q1) — log(0)) — / " g (tymit) dt.

So that:
/X log(g + ax(q/a) dua = vol(X)g(qr) — / " g (tym(t) dr. (443)

Similarly, if g(¢) = log(t), we get an analogous expression as (4.4.3), that is:

/X log(g) dpta = vol(X)(q) — / " g (tym(t) dt.
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Note that g(q1) = §(q1). Therefore:

/X log(q + ax(q/a)) — log(q) dua

- [M@o - goma
-\ (G- sz o4

2
5/ s 'm(sa)ds
0

2
< a”/ s"1ds < af.
0
Here we use that x(0) = 1 to get a lower bound on |s+ x(s)|, and the fact that x(s) — sx/(s)
is supported in (0, 2). O
Applying this lemma, we get:

log det(Q + ax(Q/a)) = (%) /X log(q) dpa(x) + (") + O(N*1720),

Recalling that (N/2m)4 4"t = vol(X)~! + O(N~!), we get that:
logdet(Q + ax(Q/a)) = (N + O(N1)) ][log(q) dpg + O(NU=20)  (4.4.4)

[ log(q) dpig can be uniformly bounded in z, so that the &¢(N~") term can be absorbed into
O(N4=(1=20)) By (4.4.1), we get the following lower bound by replacing a by a/4:

log det(Q + ax(Q/«)) > W][log(q) dpg + O(NO=20), (4.4.5)
Lemma 4.4.3 (Bound on A). The number of eigenvalues of Q) that are less than « is
ﬁ(NdN_ min(2pf§,(1—2p)))‘

Proof. Let 1 € C§°(]—1/2,3/2];10,1]) be identically 1 on [0, 1]. It then suffices to estimate
Tr(¢(Q/)). By Theorem 3.4.2, (Q /) = TN g, +O(N~°), where g, € S,(1) with principal

symbol ¢ (q/a).
Then by Theorem 3.4.5

Tr((Q/a)) = Te(Tng, + O(N™%))
= (V/2m)" [ wlafa) dua(w) + GV
X
/'S Ndan + Nd7(172p) _ ﬁ(Nde min(2pn,172p)).
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Therefore, putting everything together, we get that
1 1
log | det 22°| = 5 log(| det 2°%) = 5 log(a™4 det 1,(Q))

_ §1og(1/a) + % log det(1aQ)).

(4.4.4) and (4.4.5) provide upper and lower bounds of 27! log det(1,(Q)). Then using that
27 log qo = | fo — 2| and Lemma 4.4.3 we get:

log | det #7| — JV][ log |fo — 2|dpa| S Alog(1/a) + o + N*-12)
X

< N d-min(2p,(1-2p)) log(N)
L N2 4 Nd-(-2)
< Ned-min(208,(1-20)) o (),

Recall A#'B;y = log|det 22°| — A flog|z — fo(x)| dpua, so that

B1 — ﬁ(Nf min(2pk,(1—2p)) log(N))

4.5 Summability of @7y

Recall that @y = {|B(N)| > ey}, where B(N) = By + By + Bs with:

By = A log| det 29| — ][log 1= — fola)| dpalz),

By = A "(log | det 2°| — log| det 2°|),
By =.#""log|det E’_|.

The following table summarizes the bounds on Bj, Bs, and Bs.

Bound Probability of Bound Reference

B = O(N—™nCr1=20) Jog(N)) 1 Claim 4.4.1
By = O(6a™ 2 471/2) >1—exp(—A) Claim 4.3.2

Bz > A4 1 Alog(td) >1—CAHt? —exp(—) | Claim 4.3.3

Bs <0 >1—exp(—A) Claim 4.3.3

Recall that p € (0, min(1/2,¢)) and o = N2, Theorem 4.1.4 will follow if Y P(«y) <
oo for ey = N77. Recall that § = O(N~%%?7¢) = O(N-%2a'/?). Fix 0 < v < min(e —
P, 2pk, 1 —2p).



CHAPTER 4. PROOF OF PROBABILISTIC WEYL LAW 69

Then P(efy) =P(B > N77) + P(B < —N77). The first term is:
P(B>N"")=P(By >N — By — By).

Because v < € — p and By = O(NP¢) (with overwhelming probability), we see that By =
O(N~7) (with overwhelming probability). Similarly, because of the bound on B; and the
choice of v, By = O(N~7). So if N is sufficiently large, N7 — By — B; > CN~7 > 0. But
then by Claim 4.3.3, P(B > N~7) < e ™ for N > 1.

Similarly, for N sufficiently large, there exists Cy € (0,1/2) such that, |By| + |Ba| <
C()Ni’y, SO P(B < —Ni’y) < P(Bg < —(1 — O())Ni’y) =1- P(Bg > —(1 — C())Ni’y). By the
choice of v, bound on A from Lemma 4.4.3, and selecting t = A4 ~2/41/2 we get for large
enough N: —(1 — Co)N~7 < A1 Alog(dt) as long as:

—N7(1—Cp) < A" Alog(6).

This requires that § > e~ for 8 = min(2pk, 1 — 2p) — v € (0,1). In this case, by Claim
4.3.3,

P(B3 > —N77) > P(Bs > AA " "log(6t))
>1—-CNt* -
=1-CH 2y,

Therefore P(B < —N~7) < CN~2+ e N for N > 1.

With this, 3% P() = C + 3 yey P(An) < C 4+ e (N2 +2e7 V%) < 00 which
proves Theorem 4.1.4.

Note that if € > (2(k+1))~!, then we can select p = (2(k+1))~! and choose «y arbitrarily
small, so that 8 = k(x + 1)7! —~. While if ¢ < (2(k + 1)), then the maximum J can be
is 2ex. Therefore we have:

2(k+1)?

K : 1
K+l if € > 2(k+1)"

{26%& if e < = —
<

4.6 General random perturbations

In this section, we provide a discussion about how to modify the proof of Theorem 4.1.4
(Gaussian random perturbations) to prove Theorem 4.1.5 (more general random perturba-
tions). We also deduce Theorem 1.0.1 (stated in §1.1) from Theorem 4.1.5.

Proof. Under the assumptions of #,,(N) (see Definition 4.1.3), we have the following prob-
abilistic norm bound:

N
E[IZL(N)IIP) = Y EN(ZL(N))i 7 = 0(A7), (4.6.1)

i,j=1
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as well as the following anti-concentration bound (from [TV09, Theorem 3.2]): for 79 > 1/2,
Ap > 0, there exists a ¢ > 0 such that if M is a deterministic matrix with ||M|| < A4 then

P(s.y (M + #,(N)) < A~ CAot0) <o (= Aore® L P (N)]| = A7) . (4.6.2)

Recall, for an N x N matrix A, we denote s; > s9 > -+ > sy(A) the singular values of A.
From (4.6.1), and Markov’s inequality, we get

P(|[#,(N)| = NTH) = O(N7?)

therefore if 6 = N~ then § ||#,(N)|| = O(N~') with probability at least 1 — C N~2. From
this, Claim 4.2.2 (the supports of the random empirical measures being contained in a
bounded set for N > 1) will follow by an identical argument.

Next, with probability at least 1 — CN~2, we have J || #,(N)|| a'/? < 1. In this event,
we can build our perturbed Grushin problem the same way as in Section 4.3.

Next, we have to modify the estimate of B, which was estimated in Claim 4.3.2. For
this, we simply modify (4.3.7) with a weaker estimate on the probability ||#,,(N)|| is small.
Specifically, we see there exists C' > 0 such that

P(By, = O(a”Y?N7Y) >1-CN2

The final modification is in estimating B; = .4 ~'log|det E°,|. We see, by the same
argument presented in Section 4.3, that

P(B3; <0)>1-CN 2
To prove a lower bound, we go through the same argument, to get that:
log |det E° | > Alog |s.s (Tnf — 2 + §#,(N))|.
Next, let

Ko=sup||Tnf — 2| = O(1)
zEN

(recall A is a neighborhood of f(X)). By (4.6.2) (with 7o = 1 and Ay = 2), we have (for
N>1)

P(sy(Tnf — 24 09,(N)) < N~
— P(Sw((S_lKo_l(TNf — )+ Ko—l%u\f)) < (Nd)—(2Ao+1)fyO)
< C(N72d+o(1) +P(“Kal%<N)|| > Nfd))
< e¢N72.
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Here we use that ||(5*1K0_1(TNf — Z)H < N9, With this, we can proceed as in Section 4.5,
with weaker probabilistic estimates. We choose p € (0,1/2), and 0 < v < min(2pk, 1 — 2p).
Writing P(a/y) = P(B > N77) + P(B < —N77), we see that

P(B>N"7)<CN?
for N > 1. Similarly, in the event s 4 (T f — 2z + 0#,(N)) > N~ we have (for N > 1)
Alog |s 4 (Tnf — z+ 6#,(N))| < N
so that
P(B; > —N7) >P(B; > AN log|sy(Inf — 2+ 0#,(N))|) >1—-CN~>

Therefore P(B < —N~7) < CN~2 for N > 1. With this, > °P(&/y) < 0o, and we have
almost sure weak convergence of the empirical measures of Ty f+0#,(N) to vol(X) ™ ( fo)«ta-
[

Proposition 4.6.1. Theorem 4.1.5 implies the probabilistic Weyl law (Theorem 1.0.1) stated
in the introduction.

Proof. Here we prove Theorem 1.0.1 for the general random perturbation case, but the
Gaussian case (with a less restrictive coupling constant) follows similarly.
For A C C given in the hypothesis, let
vol(X)
N

It suffices to show that for each € > 0

An = # {Spec(Tw f+ N~ (N))NA}.

N—oo

P <limsup|AN —pa(f € N)| > 5) = 0.

We may assume A is bounded. If not, let A be an open, bounded neighborhood of f(X).
Recall that almost surely Spec(Tnf + 0#,(N)) C A for N > 1. Therefore if

Ay = (vol(X) /A )t {Spee(Twf + N-L(N) N ANA}
then

P (limsup|AN — pa(f € N)| > 5) =P <limsup|f~1N —pa(f € N)| > 8) :

N—o0 N—oo

Now relabel ANA as A. For each € > 0, let K C A be a compact set such that m(A\ K) < e.
Similarly, let U D A be an open set such that m(U \ A) < e (here m denotes the Lebesgue
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measure). Define ¢,1¢ € C§°(C; [0, 1]) such that supp p,suppy C U, ¢(z) = 1 for z € K,
and ¢(z) = 1 for x € A. We then have that for \; € Spec(T f + N=9¥,(N))

N
VOl Z _ Yol )#{A eA\K)} < Ay < VOBVX DU, (463)

By Theorem 4.1.5, the lower bound of (4.6.3) convergences almost surely to

/C () (futta)(d2) = palf € A) + 6(e).

Here the term involving # {\; € A\ K} is easily handled by a similar argument of con-
structing upper and lower bounds with bump functions and using that A \ K is an open
set whose measure is €(g). Similarly, the upper bound of (4.6.3) converges almost surely to
wa(f € A) + O(") (where the constant in &'(¢”) is deterministic). Therefore there exists
C > 0 such that

P (lim sup |[Ay — pa(f € A)| > C’s”) =0.

N—oo

Because € > 0 is arbitrary, this implies Ay converges almost surely to ug(f € A). Then,
because A = vol(X)(N/27)? + O(N 1), (N/27)%vol(X). A4 LAy converges almost surely
to /Ld<f € A) ]
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Appendix A

Computation of the second term in
the star product

The goal of this section is to compute the second term in the star product of Toeplitz
operators. Indeed, by Theorem 3.3.11 we know that if f and g are symbols in Ss(m),
then there exists a symbol h ~ Y N77h;, such that Ty ;o Tn, = Typ+ O(N™). It is
straightforward to show that hy = fg (modulo &(N—(1720))),

A.1 General quantizatable Kahler manifolds

This section directly computes h; (modulo &(N~21=29)m) error).
In this section, for vectors u, v € C%, we write (u, v) == >_ u;v;. For functions f € C*(C?),
we denote by V,f the vector in C? whose j* component is Oz, f- We similarly denote by

V[ the vector whose j component is 9, f.

Theorem A.1.1. Given 6 € [0,1/2), suppose my,my are two §-order functions on X (a
quantizable Kdhler manifold with Kdhler potential p), f € Ss(my), g € Ss(ms), and h = fxg.
Then locally

Z 00 ()01 f () g(x) + O (N> m(x)), (A.L1)
where (00p(x))* € C*? s such that ", (00p(x))* (Or0ep(x)) = Jjy.

Remark A.1.1. From this, we get the classical-quantum correspondence of Toeplitz opera-
tors. Indeed, by (A.1.1) the principal symbol of [Tn s, T g is

N7H={(000) Vo, Vig) + ((009) 'V,g,Vaf)) + O(N2072Dm). (A.1.2)

Note that the Poisson bracket of f and g is {f, g} = w(Xy, X,), where X; and X, are the
Hamiltonian vector fields of f and g respectively and w is the symplectic form on X. If we
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write w = Y W; ;dz; Adz;, then

d
Do f = Wyadz(Xy), Oy, f Z Wi dz;(Xy),

j=1 j=1

with identical identities relating g and X,. Therefore

w(Xy, X, ZWH dz; Adz (X, X,)
= Z Wi (dzi(Xy) dz;(X,) — dzi(Xy) dz; (X))
= <Wt (WH™IVaf, =W V,9) — (W W) ' Vig, -W'V, f)
= (W™ 'V, f,Vag) — (W 'V,9,V.f) .

Now, because W, j = i0;0;p, we see from (A.1.2) that

Ty (1) + OV,
iN

The method to prove Theorem A.1.1 is to compute the Schwartz kernel of the asymptotic
expansion of Ty soT , and find a symbol that agrees with this kernel. By the almost analytic
properties of the kernel, it suffices to work exclusively on the diagonal. Along the diagonal,
the method of stationary phase has more explicit formulae. This section will use a stationary
phase expansion presented in [HOr83].

(Tn,p, Tngl =

Proof. Estimates on the error term in (A.1.1) were established in Theorem 3.3.1. For a
simpler proof, we assume that f, g € Sp(1).

Near 2o € X, we choose a normal coordinate system (z'(z),...,z%x)) € C% In this
way, 0.,0z,¢(2(w0)) = 0j and 920,05, ¢(2(x¢)) = 0 for all j,k =1,...,d and o € N** with
la| = 1.

Let C; be the differential operators coming from stationary phase:

N 2d N d 0
P N(I)Zy R N¢(x’7) —J . M
(55) [ e auu) = (5] ee9 SN ute.)

with u € C®(C%C), &, 4(w) = Y(z,w) — p(w) + Y(w,y), and p(w) = w?/dl. When
computing Ty s, terms of order & (N~2) are not needed to compute the second term in the
expansion. In this case the functions coming from the Bergman kernel expansion can be
approximated as B(z,y) = 1 + N by (z,y) + O(N?), so that the amplitude in the kernel
of Ty s is f(w)(1 4+ N~ (by(z, @) + by(w,y)) + O(N~2). In this way:

fo(z,9) = Colf)(z,7),
filz,g) = Colf () (bi(, ) + b (-, 9)](x, ) + Chlf](2, 9),
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and on the diagonal:

fO(x>j> = f(l‘),
filz, @) = 2f(2)bi(2) + C1[f](z, 7). (A.1.3)

If we are given T s and T 4, then the first term in the expansion of Ty ; o T, along the
diagonal will be f(x)g(z). While the second term is

Colfi(z,)go(9) + folx, )91 (- 9@, §) + Ci[fo(x, ) go (-, Y)] (@, §).-
Along the diagonal, this is
(2fby + Ci[f])g + f(2gb1 + Cilg]) + Cilfo(z, )90 (-, Z)], (A.1.4)

with all C; operators evaluated at (x,Z) and functions evaluated at x. Suppose Ty joTn 4 =
Tnn+ O(N~) for some h ~ > N77h;. The N° order term of Ty ,(z, ) is Co(ho) = ho(z),
so that hg = f(x)g(z). The N~! order term is

Colho(br (2, ) + b1 (7)) + ] (2, 7) + Ci[ho](x, §).
Along the diagonal this is:
2ho(x)by(z) + hy(x) + Cyi[fg](z, T). (A.1.5)
Setting (A.1.5) equal to (A.1.4), and solving for h; gives the relation

hi(xz) = 4fgby —2fgby — Ci[fg] + Ci[fo(z,-)g0(-, Z)] + Ci[flg + fCilg]
=2fgbr + Ci[fo(x,)go(-, T) — f(-)9()] + gCi[f] + fCilg] (A.1.6)

with all C; operators evaluated at (x,7), f,g evaluated at x, and by evaluated at (z,Z).
Recall that i00p = w and in normal coordinates w(x) = ¢H with H a positive definite,
real, self-adjoint, invertible matrix, such that H(zo) = 1.

Lemma A.1.2. On the diagonal:
Cilu] = Li[udet H]
with Ly = — (V.,Vz) + A, and
A=-2""(V,, V) det H(zp) — by(x0)
Proof. By [Hor83, Theorem 7.7.5]
Naa(@) 2y &

et (— N () 2 N

J=0

(A.17)

/ u(w)eN == () dy
R2d
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with:
Llu—zz Lo (@1,)7 (2)D, DY (g2 ) (w)/ (v — )W),

with derivatives evaluated at x, and

gz (w) = @y z(w) /i — Ppz(x) /i + (iPyz(x)"(w — x),w — ) /2.

By computation
10
(Dgo Zo (ZEO) =—4 (0 1) ;

det(—N®) . (z9))""* = (4N)™.
Therefore, (A.1.7) simplifies to:

(%)difv%]-(u) (A-18)

Observe that (@ . (z0)~'D,D) = 47'A,, (using the notation that D = i~'V). Let g := g,,,

o, mo
and note that g vanishes to third order at xy. Then we compute that

so that

Lyu = éAwu + 62((Vw)29)u + c3(Vw(Awg)) - Vyu + C4((Aw)3(92)u) (A.1.9)

for some constants ¢y, c3, c4. Observe that (V,,(A,g)) evaluated at xy will be a linear com-
bination of first derivatives of the entries of H(x), which are all zero because we are using
normal coordinates. Therefore (A.1.9), evaluated at x¢, reduces to:

Liu = (%A“’ + A) u= (%VZ Vs + A) u (A.1.10)

for some constant A, and using the complex variable z = w; + iw,.

The operators C; along the diagonal can be recovered from L;. Indeed, by matching
powers of N and using that dyu = w”d/d! = det(H)2¢ dm(w) (see [LeF18, Lemma 2.6.2]), we
see, by (A.1.8),

Cjlu] = Lj[udet H]. (A.1.11)

The constant A can be computed by recalling that if f = 1, the Toeplitz operator is
just the Bergman projector. So letting f = 1 in (A.1.3), we get that Cy[2b1] + C1[1] = by,
which can be rearranged as by = —C(1). Then since det H(zo) = 1, and using (A.1.11) and
(A.1.10), we get

by =—A—2"1(V, V) det H(z). (A.1.12)

]
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Because we are using normal coordinates, V det H = 0, therefore using (A.1.12),

Cilu] = (27'(V,, V) + A)(udet H)
= Au+2"1(V,, V) u+271((V,, V) det(H))u
=2"1(V.,V:)u — bu.

Then (A.1.6) becomes, after canceling all fgb;’s,

27 (V2 Vi) (fol@, )go(,7) — f()9() — 9 (V. Vi) f = f(V2, Vi) g)  (A113)

Now note that fy and gg are almost holomorphic in the first argument, and almost anti-
holomorphic in the second coordinate. They can be treated as holomorphic and anti-
holomorphic as we are on the diagonal. So (A.1.13) becomes, after applying the product
rule and canceling terms:

—271(V.f, Vzg). (A.1.14)

Finally, if we use arbitrary holomorphic coordinates x, and let J = Dx/Dz be the Jacobian
relating the z coordinates to the normal coordinates, then (A.1.14) is

—27 (VL f, (J)'Vag) = =271 (JJ'V,f,Vig) . (A.1.15)
Because we used normal coordinates, J must satisfy
21 = JY(0,0,0)J = J'(H)J,
so that JT =2J " 'H=1 so that (A.1.15) becomes:
— <H_1fo, Vfg> )

Then, because H = 00y, we get our theorem. O]

A.2 Example: C

In this section we prove an asymptotic expansion of the kernel of Toeplitz operators on C
and compute the second term in the star product of operators.

A.2.1 Asymptotic expansion of Toeplitz operators

A simple (although not compact) Kéhler manifold is C with symplectic form w =idz A dz.
Considering holomorphic sections of powers of the trivial line bundle, the quantum space for
each N can be identified with all holomorphic functions f such that

/ |FI2e N dm(2) < .
C
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This space is called the Bargmann space with L? structure

(f.g) =2 / F(2)()e N dm(2).
C
In this case, the Bergman kernel is

_ N _
v (2,§) = 5 - exp(Nzg).

The Kahler potential is ¢(y) = |y|* with analytic extension ¥ (z,y) = xy (see for example
[LeF18, Example 7.2.2]). So if f € S5(1) for a fixed § € [0,1/2) , the kernel of the Toeplitz
operator Ty 5 is

Ty s(2,7) = (%) [ ) exp(N o~ uf + wp)2dm(w)

We write this as an integral over R? by letting w = w; + iw,. Completing the square of the
phase, this integral is:

N\? nus 2 :
< ) eNmy/ eV (=(wi1=a)?—(wy—b) )f(wl + iw2)2 dw; dws (A21)
R2

o
with a = 27}z + ) and b = (2¢)"!(x — ¥), which is approximately true for quantizable
Kéhler manifolds'. Note by the Gaussian decay in the integrand of (A.2.1) it suffices to
assume f is compactly supported as anything away from a or b will be exponentially small
in V.
We may now integrate (A.2.1) as an iterated integral. Let’s first integrate over w;. For
R sufficiently large, let a = a; + iag, and rewrite the inner integral in (A.2.1) as

R
/ e—N(un—iag)?f(wl +ay + sz) dw,. (AQQ)
-R

Let fr(x,y) = f(x+1y), so the integrand has the term fg(w; +aj, wy). By Stokes’ Theorem,
(A.2.2) is

R
/ e N fip(wy + das + ay, wy) dwy + // e NG, fr (2 + ay, wo) dz A dz
—R Qa

In the general case, this (a,b) is p(t). Much of the trouble with the method of complex stationary phase
is that the phase is not holomorphic, and therefore the extension is not unique, and so the critical point is
no longer unique. However, when the phase is not holomorphic, the critical point still approximately takes
this form.
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where fg is an extension of fg to C? and Q, = {z 4+ iy : z € [-R, R],y € [0, as]}. Ignoring
the second term for the moment, we now integrate the first term over w,, by the same
reasoning (possibly increasing R), we get

/ / w1+w2)fR(w1 + a,wy + b) dw; dws (A.2.3)

/ // i)y (wy + a, 2 + b)(dz A dZ) dw,.
Qp

The first term in (A.2.3) is estimated using the method of steepest descent (for example see
[GS94, Exercise 2.4]), as

,_.

( )M fk—k A fe(a,b) + Sar(f, N),
k=0

with

[Su(f, N)] < CyN"M71 3" sup |07 fal.

|o|=2M

Here Afg(z,y) = (Ofea) + 8%{6@))(]?]&(:6, y)). If we compute the kernel on the diagonal,

x =y, then all derivatives are tangential to the totally real submanifold which fg is extended
from and we evaluate the derivatives at (Re(x),Im (z)). So when x = y, the first term in
(A.2.3) is

<—> 2 k—kW +05)"(f (u+ 1)) Zpe(e) + Su(f, N) (A.2.4)

k=0 v=Im(z)

~(53%) i — (00)"f(x) + Su(f, N).

A.2.2 Controlling error terms

Next we show that the error terms

N\? vus S
_[1 = (—) €ny / €_N(w2_b)2 // e_N(Z_WQ)QaZfR(Z + az, UJQ) dz Adz dwg,
2T R Qa

N\? . o
I = (—) eNey / // e NWitGE=®2))g_ fo (wy + a, z + b) dz A dz dwy,
27 R Q

are exp(— 3 (|z]? + |y|?))O(N~>°). First note that 2Re (zy) = —|z — y|* + |z[> + |y[>. Let
e =x —y, so that a = Re (z) —&/2, b = Im (x) — £/(2i), as = Im (¢) /2, and by = Re (¢) /2.
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Therefore, |I;| is bounded by

2
<ﬂ) A (P +1yl?)
27

We then apply O estimates for fR. That is for each M € N, there exists C; > 0 so that

e
9. fr(a,b) < CyyN*Mo(|Im (a)| + [Im (b)|)™. Fixing, M, the inner integral is bounded by

Im(e)
2

Cur / NG tm(e)/22=NIeP /2 oMo 1M ., (A.2.5)
0

Im(e)
2

R
/ efN(wgfb)2 / / efN(zl+i227ilm(s)/2)27N|5|2/2)
R -RJO

-EZfR(z + ay, wy) dzy dzg dwsy]|.

Expanding the exponential, we see that

Im(e)
2

(A.2.5) < CMNéMOe_JZIm(a)2/ exp (N2 — zIm (¢) N) dz»
0

N
<C NéMoe_%Im(a)Qw "M exp ( tm (e)? L 1) )dt
= M NM+ | b N

N

My — N1 2Im(5)M+1 2 M _—tIm(e)?/2
S CMN Ve~ 1 m(e) W/ t7 e m(e)”/ dt

Im(a)QN

N§M0 I —
<y e_%lm(s)Q yyam / e M At
NM+1Im (e)M+1 )

dMo—M—1
<y NOMo—M-1

Therefore:
R
1| Sm NOMo=M=1520 5 (Jal*+1yl?) / eN(“’Qb)z/ e N dzy dw,
R ~R
< NOMo—M+1, 5 (Ja*+]y|*)
so that I; = e%(m?*'ymﬁ(]\f*oo). An identical argument is used to show the same bound
for I5.

A.2.3 Using the notation presented in Treves

It is instructive to see how the change of variables presented by Treves in [Tre80], and used
in §3.3, applies to this simple example. Let’s consider a symbol f to quantize. Then, as in
(3.3.10),

NN wapan
Ty f(2,9) = (g) ez (= Fly] )/RQ N g(p, t) dp,
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with @ = (t; + ity),y = (t3 +ity), w = p; + ipy, and
_ 1
V(p,t) = zw — |wf’ + wy — §(|$|2 + [yl)
B 1
= zw — |wl’ + wy — §(|$\2 + [yl)
= (b1 +it2) (p1 — ip2) — Pi — P3 + (1 + ip2)(ts — its)
1
— §(t§+t§ +13+t9),
9(p,t) = 2f(p1 + ipa).

The critical point for this phase when it is holomorphically extended (note V¥ is real-analytic,
so the extension is unique) is

pt) = (%(tl + ity + t3 — ity), %(tl + ity — t3 + it4)) ,
so that
i) =-2(g 7).
In this case, we change variables, as in Lemma 3.3.2,
i) =V2(g ) 00

p1— —(751 + ity + t5 — ity) 2 4 2
= :C* x R* = C-.
= V2 (p2 5 (ty + ity — t3 + itq)

Then the new contour is {p € C? : ¢(p,t) = w € R?}. For each w € R?, we see that

w; = V2Re (p1) — %(751 + t3), wy = V2Re () — %(b +t4),
O:Im(pl)—i—%(—tz—i—t@, O:Im(pg)—l—%(tl—tg).

Therefore the new contour is

Uy — {p<w) _ (%(tl +1s) + B — L(—t +t4>> (wp ) € Rz} |

(o +ta) + % — 3t —t3)
The real stationary phase is applied to the amplitude g(p(w)) det(a—p) which is, after replac-
ing ¢ with its definition,
1 _

50 (540 + e -p+ 22
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So that, ignoring constants

fj(x;y) (aRe(wl + 8Re (w2) ) g<w17w2)| 1=

INIE NI

Along the diagonal, this agrees with the computation in (A.2.4) (with constants which can
be shown to be equal). This provides a (non-unique) asymptotic expansion of T ; using
complex stationary phase, and possibly sheds light on how this method works in general.

A.2.4 Computing the second term in the star product

In this section we let f,g € C§°(C;C) and determine (f * g);. This is a simpler version
of Appendix A, however in this case, the symplectic form is constant and in the Bergman
kernel expansion, b; = 0 for j > 1. First, if f is a symbol, then

st~ (55) NN

with

1
4kk" (af{e (w1) + (91?{6 wg)) f(wla w2)|(w1,w2)=7'($,??)
where 7(z,y) = 27 (z + y,7 ' (x — 7). Importantly, when y = x this becomes:

Cilf1(z,9) =

Cj [f()](l’,f) = 4]'_j!(al2%e(w1) + algie(wg)) ‘f‘(wla w2>| y)=7(x,T)
1 =
= (09) f(z).
Now we may write the first few terms of (f * g):

(f *g)o(x) = Colfo(z, ) g0 (-, 2)](z, Z) = fo(z, T)go(x,7) = f(x)g(7),

(f x9)i(x) = Colfi(x,-)g ( )]( 3?“)+Co[o ) ( )](:L‘,f)
)

(, ,T)|(z
= 00f(z)g(x > <x>a 9< >+01

= Ci[fo(z,)go(+, 2)](2,Z) — Of
Note:

Crlfo(@, )g0(, )] (2, %) = 0uDu[f (T(2, @)§(w, T)]|w=s
(%alﬂ %@f) ( G — —agg)

9f (x)0g(x)
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where 0; f is the holomorphic derivative of f with respect to its ith component. Here we use
that fy is almost anti-holomorphic in the second argument and gy is almost holomorphic in
the first argument. The error terms are absorbed in the &(N~2) error. We therefore get:

(f % g)1(z) = —0f (x)9g().
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Appendix B

Computation of Toeplitz operators on
CP!

In this appendix, we explicitly compute the Toeplitz operators on CP*.

The Hilbert space we use is the holomorphic sections of tensor powers of the dual of the
tautological line bundle. In local coordinates, the Kéhler potential is ¢(z) = log(1 + |2|?),
so that the symplectic form is i00¢(z) = i(1 + |2|?)"2dz A dz. Smooth sections of the Nth
tensor power are identified with smooth functions on C. The Hilbert space then has the
inner-product given by:

<f79>L2(M,LN) ::/C%Qdm(z)

for f,g € C>°(C). Here we use that |[dz A dzZ| = 2|dRe (2) A dIm (2)| = 2dm(z).

B.1 Computing Bergman kernel

The space of holomorphic sections is identified with polynomials of degree less than V.
An orthonormal basis is given by {¢,z* : k=0,1,..., N — 1}, where ¢, := szHgf(MLN)'
Explicitly,

2 E
12 V2 ar ) = 2/(:de(z)

fe’e) 7‘2k+1
=4 —
“/o (Tt rpve ™

_2mkI(N — k) 2

(N +1)! (N+1)()
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so that:

N+1/N
Cp = )
k 2 k

Then the Bergman kernel is:

1
= 5 XD (N log(1 + zw)) .

Note that (2, w) = log(1 + zw) is the analytic extension of ¢(z) = log(1 + |2|?).

B.2 Explicit computation of matrices

85

We now choose a chart for CP! that contains all but one point of CP!. We then identify C

with the two-sphere without the north pole via the assignment:

1
C3 2z ———(2Re(2),2Im (2),1 — |2]*) == (z1, 22, 73) € S* C R®.

1+ [2[?
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Then for each N € N, we compute T (x;) for i = 1,2,3. For 0 < ¢ < N:

N+1 x, W), — w
(Tl () (a) = 5 [ afed oD 2wy o)
C

_N+1 w+ w
oo /Cl—i—\wP
_N+1 w + w

B /c (1 + |w[?)N+3

-5 () [

7=0

_ N+1i (N)Q;J' /271' /oo ,r,j+£+2(ez‘0(€+1—j)+€i9(€—1—j)) .y
(e J o Jo (14 r2)N+3
N

o9 2043
— 2N+ 1) [ 1o patt! / "4
(N + )(e<wx (€+1> T r

et (N / T
=0 \e—1) Jy 42N

w (14 z0)V (1 + |w>) ™V (A + |w|?) 72 dm(w)

w' (1 + 2w)Y dm(w)

™

) o N\ (4 DN = 0)!
=(N+1) (1e<Nx“ (€+1> (N +2)!
S N O\ON =+ 1)
+1€20$€ (f—l)w>
mZJrl(N —0) ey

=1 _ 21 .
<N N2 +620N—|—2

Now we use the normalization constants to get the entries of the matrix representation
of T (xy).
For each 0 < ¢ < N, the (¢ — 1,¢) entry of the matrix of Ty (z1) is:

N
o ¢ 0 @G
ooy N+2 N+2 (eﬂ)
4 N—T+1
- N+2 Vi

Similarly, for each 0 < ¢ < N, the (¢ + 1,¢) entry of the matrix Ty (x;) is:

Cy N—g_ N —/ \/g—i—l
it N+2 N+2VN_7
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All the other entries of the matrix are zero. We therefore get that:

0 VN 0 0

VN 0 V2N =1) 0

- 1 0 V2(N=1) 0 V3N —2) :

v =5 V3N —2) 0
: 0 VN

0 0 0 VN 0

where the off-diagonals are \/¢(N — ¢ +1). Ty(x1) can be constructed in Matlab with the
following code stored as the variable X1.

e = (N+2) " (-1)*sqrt ((1:N) .x(N:-1:1)); % off-diagonals
X1 = diag(e',1)+diag(e',-1);

We can similarly compute the matrix representation of Ty (z2) by replacing w + w in the
integrand by —i(w — w). We will then get that T (x9) is

—ivV'N 0 in/2(N — 1) 0

1 0 —i/2(N—-1) 0 i/3(N —2) :

N+2 : —i/3(N —2) 0
: 0 VN

0 0 0 —ivV/N 0

In Matlab, this can be coded and stored under the variable X2 in the following way.

e = (N+2) " (-1)*sqrt ((1:N) .x(N:-1:1)); % off-diagonals
X2 = diag(li*e',1)+diag(-1ixe',-1);

Lastly, for 0 < ¢ < N:
— |w[*)w' @’

(TN(@":%))(ZE)(@ = Nl Z <c 1 + |w|2)N+3

N 1 N 00 E+]+1 19 ) 3+4+j Z@(f*j)
_ 4t §:< );cﬂ// L drde
(1

+ TQ)N+3

' OO 254—1 22+3
x ( 1+ T2 (1 L 2\N+3 dT')
(N —

o 2@ (N = 0)!
2(N +2)!

dm(w)

ZL‘j




APPENDIX B. COMPUTATION OF TOEPLITZ OPERATORS ON CP! 88

Therefore the matrix representation of Ty (x3) is:

N 0 0
0 N-2 0 :
1 : 0 N —4
vles) = 53
-N+2 0
0o .- 0 -N

In Matlab, this can be coded and stored under the variable X3 in the following way.

X3 = diag ((N+2) " (-1) *(N:-2:-N));

We can then check that:

0 0 0 . 0

VN 0 0 0

Tl ) 1 0 2(N —1) 0 0 :
+ =— | |

A N 3N —2) 0

: .. 0 0

0 0 e 0 VN 0

We can compute the Toeplitz quantizations of powers of these x;’s, but the computations
become more tedious. Here we compute T (7?).
Define for k, N € Z, 0 < k <2+ N:

o gkt (N — & +2)!
0

de —
1+ 22N+ T TN + 3)!

For 0 < /¢ < N, we have:

) N+1 (w + w)?
T = = [ T

¢ A
N +1 (N (w? + 2|w|? + w*)whw’
- E d
T X ( >/<c (1 + w[2)N+e m(w)

[
N N
=2(N+1) (1e<N—2$2+£ (g N 2) Byyon +22° < ’ > Beiin

N
‘|‘1522[I§'£72 <€ _ 2) Bg’N> .

w'(1 4 zw)™ dm(w)
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Therefore the matrix representation of Ty (%) will have exactly three nonzero diagonals. For
0> 2, the (¢ —2,¢) entry will be:

2(N+1)(€§2)BE,N122<N+1)( N )”(N_“W ()

Cos (—2) 2N+ 3\ (N)

VI=1UN—l+1)(N—(+2)
(N +3)(N +2) '
On the diagonal, the (¢,¢) entry is:

N N\ (+ 1N -+ 1)!
4N +1 B =4(N+1
(I + )<£) ey = ANV + >(£> 2(N + 3)!
204+ 1)(N - L +1)
(N +3)(N+2)
The matrix should be self-adjoint (because z7 € R), but as a partial verification of this

computation, we compute the upper diagonal. For £ < N — 2, the (¢ + 2, /) entry of T (x?)
is

N ) C+2!N =01 | (%)

(+2) 2(N+3) N\ ([N

N c
2N +1) (6 B 2) Brron—— =2(N + 1)(
042

Cr4-2

VU+2)(l+1)(N=0)(N—-0-1)
(N + 3)(N +2)
and so we see the nonzero off-diagonals are the same, verifying that the matrix is self-adjoint.

The matrix representation of T (x?) can be coded in Matlab in the following way and
stored as the variable Y'1.

1 = (2:N);

e2 = sqrt((1-1) .*x1.x(N-1+1) .*x(N-1+2));
e2 = e2/((N+3)*x(N+2)); 7 off-diagonal
1 = (0:N);

el = (1+1).*%x(N-1+1);
el = 2xel/((N+3)*(N+2)); 7 diagonal
Y1 = diag(el)+diag(e2,-2)+diag(e2,2);

Because Ty (2%) = Ty (x1)Tn(z1) + O(N™'), we can numerically verify the construction
of T (22) by computing N ||Tx(2?) — (T (21))?]], this is done in Figure B.1.
B.3 Numerics

In this section, we compute the spectrum of Toeplitz operators on CP! numerically with and
without random perturbations.
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NITx (@) ~ T(a) Ty (o))

0.95F 3

0.9 .

0.85 1

0-75 L L L L
0 200 400 600 800 1000

Value of N

Figure B.1: Numerical computation of N || Ty (z3) — (Tx(z1))?-

As an example of how this is coded, here is code for computing the spectrum of Ty (x; +
izy) with small random perturbation with N = 1000.

= 1000;

= ((N+2) )" (-1)*sqrt ((1:N) .*(N:-1:1));
diag(e',1)+diag(e',-1);

= diag(li*e',1)+diag(-1i*xe',-1);

= N°(-3)*(randn(N+1)+1i*randn (N+1)) ;
ev = eig(A+1i*B+R);

plot(real(ev) ,imag(ev),'."');

DW= =
Il

The output is plotted in Figure B.2.

Interestingly, if the random perturbation is replaced by a matrix with i.i.d. uniform-(0, 1)
random variables, there is an absence of eigenvalues near the real strip [0, 1]. This is plotted
in Figure B.3. This particular random perturbation is not included in the scope of this
thesis. An interesting direction is to prove why this occurs.

For Figures B.4, B.5, and B.6, we plot the numerically computed spectrum of T (z; +
223 + iz9) with and without random perturbation. In Figure B.4, no perturbation is added
and the spectrum is computed for increasing values of N. As N increases, the spectrum
spreads out with density matching the predicted probabilistic Weyl law. This matches the
intuition that rounding errors in Matlab act like small random perturbations.

In Figure B.5, we plot the spectrum of the same matrix with a random perturbation
(N = 2,000, § = N73). The density of random eigenvalues should converge to the push-
forward of the surface measure on the sphere by the symbol of the operator. This density
is approximated by sampling 100,000 points uniformly on the sphere, and plotting their
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Figure B.2: Spectrum of Ty (z; + ize) + 0%,(N) with N = 1,000 and § = N3,
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Figure B.3: Spectrum of T (x; + ixs) + 0%,(N) with N = 1,000 where %,(N) has entries
given by i.i.d. uniform (0, 1) random variables and § = N 3.
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Spectrum of Ty (z) + 222 + ixy)

N =10 N =30 N =80
1 1r- 1
0
£

0 1 2

N =120

j
0
£

0 1 2
)
0
4

0 1 2

Figure B.4: Spectrum of Ty (w1 +2x% +ix,) with no random perturbation at various values of
N. As N increases, this matches the spectrum of this operator with a random perturbation,
suggesting that small rounding errors in Matlab act like random perturbations. Conjec-
turally, the spectrum should lie on lines (as it does up to N = 80), and for larger IV, this is
not the actual spectrum.

image under the symbol. This stochastic approximation of the density is plotted on the left.
Visually the two densities agree but are quantitatively compared in Figure B.6. In Figure
B.6, we compare the densities within rectangles and plot the results.

In Figures B.7 and B.8 the operator T (x; +ix?) is computed with and without random
perturbation for various values of N. In this case, the operator is normal and is therefore
spectrally stable under random perturbations (Which is demonstrated in the figures). Fur-
thermore, the Weyl law states that with random perturbation, the spectrum is contained
only on the curve Im (z) = Re (z)* which is consistent.
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Approximation of (z1 + 27 + izs).(p)

i Spectrum of Ty (x; + 223 + i) + 6G,,

o
[$)]

imaginary part
: & :
imaginary part

0 0.5 1 15 2 25 3 - 0 0.5 1 1.5 2 25 3
real part real part

Figure B.5: On the left is a stochastic approximation of the push-forward of the surface
measure on the sphere by the function z; + 22? + iz as a density on C. This is computed
by sampling 100, 000 points uniformly randomly on the sphere and plotting the image under
this function. On the right is the spectrum of T (z1 + 227 + ixs) + 6%, (N) with N = 2,000
and § = N3, This thesis’ result states that these two distributions should agree as N — oo.

’r\ —— Approximate density
Spectrum of Ty f

density

0.01

0 0.5 1 15 2 25
x-coordinate of bottom left corner of rectangle

Figure B.6: Here we quantitatively compare the two densities on C as constructed in Figure
B.5. This is done by comparing the density of points in a rectangle of width 0.5, height 0.4,
and lower-left corner (z, —0.2) for z ranging between 0 and 2.5. The first and last rectangle
in the range is plotted on the left. On the right, these two densities are compared.
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Spectrum of Ty (z; + ix3)
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Figure B.7: Here we plot the spectrum of Ty (z1 +ix?) with no random perturbation. Unlike

Figure B.4, the spectrum does not spread out as N increases. This should be expected.

For one, these matrices turn out to be normal operators, and so are stable under small

perturbation. For two, the Weyl law for this symbol states that under perturbations, the
: 2

spectrum should lie on the curve Im (2) = Re (2)”.
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Spectrum of Ty (1 + iz?) + 0G,,
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Figure B.8: Here we plot the spectrum of Ty (z; + iz?) with a random perturbation for
§ = N73. As is expected by the probabilistic Weyl law, there is no change to the spectrum.
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